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We present an analytic theory of the Joule heating in metallic nanowires. The steady state is
calculated for heat conduction through the insulation layer and then the transient state is considered
from the thermodynamics law. The temperature is predicted to exhibit a quick exponential decay to
a steady state within a few tens of nanoseconds. The decay time is linearly dependent on the
temperature coefficient and both increase to saturation values with the increasing wire width.
The validity of the theory is experimentally confirmed by the in situ measurement of the
temperature-dependent electric resistance. © 2008 American Institute of Physics.
�DOI: 10.1063/1.2926374�

The current-induced magnetization dynamics provides
great opportunities in magnetism.1,2 Various phenomena have
been demonstrated for challenging the technological
applications.3–7 To generate such effects, however, consider-
able current is required, which is essentially accompanied
with the Joule heating.8,9 Yamaguchi et al.10 reported that the
temperature even exceeded the Curie temperature. You
et al.11 proposed a theory for nanowires on infinitely thick
insulator, which predicts an infinite temperature rising. The
same authors derived the finite temperature rising for the
finite insulator thickness with some adjusting parameters.12

In this letter, we present a rigorous analytic expression of the
steady-state temperature under the Joule heating followed by
the extension of the theory to the transient state for the
pulsed current. The validity of the theory is confirmed by the
in situ measurements of the temperature-dependent electric
resistance.

The nanowire sample generally has a structure depicted
in Fig. 1�a�. Here, the nanowire with the thickness h and the
width w is placed on the electric insulation layer with the
thickness d on the top of the substrate. The insulation layer
has a much smaller thermal conductivity compared to the
substrate and thus, it is natural to expect that the temperature
variation inside the substrate is negligible. We assume a con-
stant substrate temperature T0. The situation then becomes
equivalent to the case of mirrored images, as illustrated in
Fig. 1�b�. In the mirrored structure, the nanowire generates
the heat s0, whereas the mirrored nanowire absorbs the heat.
The Joule heating rate per unit area is given by s0=�hJ2 for
the current density J with the resistivity �.

Due to the wire geometry, we solve the two-dimensional
heat conduction equation through the insulation layer.
The steady-state solution is given by T�x ,z�−T0

=KI
−1�C�G�x ,z ;x� ,z��s�x� ,z��dC� for the surface C�, where

KI is the thermal conductivity of the insulation layer, and s is
the surface heat source and sink. Using the Green function
G�x ,z ;x� ,z��= �4��−1 log��x−x��2+ �z−z��2�, one can carry
out the integration and obtain the solution as

T�x,z� − T0 =
�hJ2
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where f�a ,b�=2b tan−1�a /b�+a log�a2+b2�. Finally, the av-
erage temperature TW

eq over the nanowire is given by
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where ����=2�−1�tan−1 �+ �1 /4�� log�1+�−2�− �1 /4��−1

log�1+�2��. The present result is consistent with the previ-
ous theories for limiting cases, i.e., �TW

eq

��whJ2 log d /2�KI for d�w11 and �TW
eq��hdJ2 /KI for

d�w.12

To extend the theory to the transient state, we adopt
the thermodynamic consideration for quasistatic process.
The internal thermal energy stored in the nanowire of the
length l is given by UW

eq=cWwhl�Tw
eq−T0�. Similarly, the

internal energy in the insulation layer is UI
eq

=cIl�0
d�−�

� T�x ,z�dxdz=cIwdl�TW
eq−T0� /2�. Here, cW and cI

are the heat capacity per unit volume of the nanowire and
insulator materials, respectively. The quasistatic change
in the total internal energy is then dU=dTw�2cWwhl�
+cIwdl� /2�, which is subjected to dU=dQJoule−dQconduction

based on the law of thermodynamics. Here, the Joule heating
is given by dQJoule=�whlJ2dt and the heat
conduction to the substrate through the insulation layer is
dQconduction= �KIw�l /d��Tw−T0�dt, where w� is the effective
width for heat conduction. Comparing with the steady-state
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FIG. 1. �a� Cross-sectional view of the sample structure. �b� Equivalent
geometry with mirrored images within the assumption of a constant sub-
strate temperature T0.
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solution, the effective width w� must equal to w /�. Solving
the final differential equation, one can obtain the exponential
decay to the steady state as given by

Tw�t� − T0 = �TW
eq�1 − exp�− t/��� , �3�

with the decay time �= �2cWhd��w /2d�+cId
2� /2KI.

For more realistic experimental situation, we incorporate
the temperature dependence of the resistance. It is empiri-
cally given by �=�0�1+��T−T0�� or R=R0�1+��T−T0��,
with the temperature coefficient �. Replacing � in Eq. �2�,
we obtain

�TW
eq =

�J2

��1 − �J2�
or Req =

R0

1 − �J2 , �4�

with the coefficient �=��0hd��w /2d� /KI. For constant volt-
age pulse injection, the Joule heating term is modified to
dQJoule=whl�V / l�2dt /�0�1+��Tw−T0�� and the transient
state solution is given by introducing a universal function as

U�t� � �R�t�
Req ��R�t� − R0

Req − R0
�  1 − exp�− t/�*� , �5�

for a small voltage. The decay time here is given by �*

=� /2=cW� /2��0+cId
2 /4KI.

The validity of the theory is confirmed by the experi-
mental measurements. The experimental procedure is as fol-
lows. We inject a voltage pulse VF into one end of the Per-
malloy nanowire and monitor the outgoing voltage pulse VO
from the other end.13 The resistance R of the nanowire is
then calculated by the circuit equation R=RO�VF /VO−1�
−RF, where RO and RF are the load resistance of the oscillo-
scope and the function generator, respectively. Finally, the
temperature of the nanowire is estimated from the experi-
mentally determined � for each nanowire.

Figure 2�a� shows the observed oscilloscope voltage VO
normalized by VF. The diamond symbols show the outgoing
voltage profile for VF=5 V. For comparison, the voltage pro-
file for VF	1 V is shown by the solid line. It is clear from
the figure that the outgoing voltage quickly drops down
within a few tens of nanoseconds for a high pulse voltage.
The voltage drop is ascribed to the resistivity increment
caused by the Joule heating. Based on the outgoing voltage
profile, the resistance variation in time is calculated, as plot-
ted in Fig. 2�b� for several pulse voltages.14 As predicted, all
the curves in Fig. 2�b� gather into a universal curve, as seen
in Fig. 2�c�. The solid lines show the best fit using Eq. �5�.

The steady-state temperature is plotted with respect to
the current density in Fig. 3. The inset shows the measure-
ment of the temperature coefficient �. The temperature is
perfectly matched to the solid line of the best fit from Eq.
�4�. Figure 4�a� shows the fitting value � with respect to the
wire width. The values quantitatively fit to the solid line
from the theoretical prediction. The theoretical prediction
is obtained by using the values of the wire geometry
h=29 nm and d=300 nm, the experimentally determined
material parameters �= �1.29
0.01��10−3 K−1 and �0

= �7.5
0.3��10−7 � m, and the thermal conductivity
KSiO2

=1.16 W /m K. The linear dependence between � and
�* is also experimentally confirmed in Fig. 4�b�. The experi-
mental d� /d�* is found to be a little bit larger than the bulk-
value-based prediction. It is possibly ascribed to the interface
imperfection and/or interface diffusion barrier formation,
which impedes the thermal diffusion.
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FIG. 2. �a� The outgoing voltage profile in time for VF=5 V �diamond
symbol� and VF	1 V �solid line�. �b� The resistance variation in time for
several pulse voltage as denoted in the figure. �c� The universal function for
several pulse voltages. The solid lines are the best fit from Eq. �5�.

FIG. 3. The saturation temperature with respect to the current density. The
solid lines are the best fit curves from Eq. �4�. �inset� The temperature
dependence of the resistance measured in a cryostat.

FIG. 4. �a� The temperature parameter � with respect to the wire width. The
solid line exhibits the theoretical prediction. �b� The linear dependence be-
tween the temperature parameter � and the decay time �*.
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