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Generation of hybrid entanglement between a single-photon polarization qubit and a coherent state
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We propose a scheme to generate entanglement between a single-photon qubit in the polarization basis and a
coherent state of light. The required resources are a superposition of coherent states, a polarization entangled pho-
ton pair, beam splitters, the displacement operation, and four photodetectors. Even when realistic detectors with
a limited efficiency are used, an arbitrarily high fidelity can be obtained by adjusting a beam-splitter ratio and the
displacement amplitude at the price of reducing the success probability. Our analysis shows that high fidelities may
be obtained using on-off detectors with low efficiencies and available resource states under current technology.

DOI: 10.1103/PhysRevA.91.012340 PACS number(s): 03.67.Bg, 42.50.Dv, 42.50.Xa

I. INTRODUCTION

Entangled light fields have been extensively explored
as tools for testing quantum mechanics and resources for
quantum information processing. An intriguing challenge in
this subject is to entangle different types of states of light
such as microscopic and macroscopic states or wavelike and
particlelike states [1–10]. Some of those states have been
found useful for quantum information applications [11–14].
Recently, hybrid entanglement between a single photon in
the polarization basis and a coherent state was found to be
particularly useful for loophole-free Bell inequality tests [12],
deterministic quantum teleportation, and resource-efficient
quantum computation [13]. It was also shown that this type
of hybrid entanglement can be purified using linear optical
elements and the parity check gates [15]. While single photons
are regarded as nonclassical states as light quanta, coherent
states are considered to be classical states as their P functions
are well defined [16] and they are robust against decoherence as
“pointer states” [17]. In this regard, the hybrid entanglement is
closely related to Schrödinger’s Gedankenexperiment, where
the fate of a classical object, the cat, is entangled with the state
of a single atom [18].

Very recently, approximate implementations of hybrid
entanglement between a qubit of the vacuum and single photon
and a qubit of coherent states were demonstrated using the
photon addition and subtraction techniques [9,10]. The state
explored in Ref. [9] was in the form of |0〉|α〉 + |1〉|−α〉
while a similar state of (|0〉 + |1〉)|α〉 + (|0〉 − |1〉)|−α〉 was
approximately demonstrated in Ref. [10], where |0〉 is the
vacuum, |1〉 is the single photon, and |±α〉 are coherent states
of amplitudes ±α. However, the state required to perform the
aforementioned applications in Refs. [12,13] was in fact in the
form of |H 〉|α〉 + |V 〉|−α〉; i.e., the first mode should be in
a definite single-photon state in the horizontal (H ) or vertical
(V ) polarization. This type of hybrid entanglement, despite its
usefulness, cannot be generated using the photon addition or
subtraction as performed in Refs. [9,10] because the first mode
should be in a single photon state with definitely one photon.
In principle, a cross-Kerr nonlinear interaction can be used
to generate the required form of hybrid entanglement [19,20],
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but it is a highly demanding task to achieve a clean nonlinear
interaction using current technology [21–24].

In this article, we suggest a nondeterministic scheme to
generate the desired form of hybrid entanglement between
a single-photon polarization qubit and a coherent-state field.
Our scheme requires a superposition of coherent states (SCS),
|α〉 + |−α〉 [25–29], and a polarization entangled photon pair,
|H 〉|V 〉 + |V 〉|H 〉, as resources, in addition to beam splitters,
the displacement operation, and four photodetectors. We find
that even when inefficient detectors are used, an arbitrarily high
fidelity can be obtained by adjusting a beam-splitter ratio and
the displacement amplitude. Our proposal is experimentally
feasible using a squeezed single photon (or a squeezed
vacuum state) as a good approximation of an ideal SCS [30].
Remarkably, reasonably high fidelities may still be obtained
using on-off detectors with low efficiencies and available
resource states under current technology.

II. GENERATION SCHEME

We aim to generate the optical hybrid state

|�ϕ(αf )〉AB = 1√
2

(|H 〉A|αf 〉B + eiϕ|V 〉A|−αf 〉B), (1)

where |±αf 〉B are coherent states in the field mode B and ϕ is
a relative phase factor. As discussed in Ref. [31], this type of
state shows obvious properties as macroscopic entanglement
when α is sufficiently large. For example, it is straightforward
to show that the measure I as a macroscopic superposition [32]
for this state has its maximum value I = α2

f + 1, i.e., the
average photon number of the state. A classification of hybrid
entanglement was attempted [33], according to which the
state in Eq. (1) is categorized as a discrete-variable-like
hybrid entanglement. This type of entanglement was also
characterized by a matrix Wigner function in the context of
trapped ions [34].

In order to generate the hybrid entanglement, as shown in
Fig. 1, we first need to prepare a polarization entangled photon
pair and a SCS as

|χ〉12 ⊗ |SCSϕ(αi)〉3, (2)

where |χ〉12 = (|H 〉1|V 〉2 + |V 〉1|H 〉2)/
√

2 and
|SCSϕ(αi)〉3 = Nϕ(|αi〉3 + eiϕ |−αi〉3), with Nϕ =
(2 + 2e−2|αi |2 cos ϕ)−1/2. We suppose that αi and αf are
real without losing generality throughout the article. A
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φ

FIG. 1. (Color online) Generation scheme for hybrid entangle-
ment. The beam-splitter reflectivity r and the amplitude αi of the
SCS determine the amplitude

√
rαi of the displacement operation.

beam splitter of transmissivity t (reflectivity r = 1 − t)
splits a coherent state |α〉 into |√rα〉|√tα〉. The unbalanced
beam splitter in Fig. 1 thus transforms |SCSϕ(αi)〉3 into
|√rαi〉4|

√
tαi〉B + eiϕ|−√

rαi〉4|−
√

tαi〉B . At the same
time, the displacement operation is performed on mode 2 as
D2(

√
rαi)(|H 〉A|V 〉2 + |V 〉A|H 〉2), where D(α) = eαâ†−α∗â ,

and â† and â are the creation and annihilation operators. The
state after the beam splitter and the displacement operation
can be expressed as

[D4(
√

rαi)DB(
√

tαi) + eiϕD4(−√
rαi)DB(−√

tαi)]

⊗D2(
√

rαi)(â
†
1H â

†
2V + â

†
1V â

†
2H )|0〉1|0〉2|0〉4|0〉B, (3)

in terms of operators acting on the vacuum states.

A 50:50 beam splitter as shown in Fig. 1 is then used
to mix the reflected part of |SCSϕ(αi)〉3 (mode 4) and the
displaced part of |χ〉12 (mode 2) in order to erase “which
path” information. The unitary matrix corresponding to the
beam splitter can be represented as

(
â6

â5

)
=

(
cos ξ −ieiφ sin ξ

−ie−iφ sin ξ cos ξ

) (
â4

â2

)
, (4)

where we choose ξ = π/4 and φ = π/2 to model the
50:50 beam splitter. The operators of modes 2 and 4
are then transformed as â2 → (â5 + â6)/

√
2 and â4 →

(−â5 + â6)/
√

2, respectively, and it is also straightforward
to show D4(α)D2(β) → D5[(−α + β)/

√
2]D6[(α + β)

√
2].

After passing through a 50:50 beam splitter, the operators for
modes 2 and 4 evolve as

D4(α)D2(β)â†
2λ → D5

(−α + β√
2

)
D6

(
α + β√

2

)
â
†
5λ + â

†
6λ√

2
,

(5)
where λ indicates the polarization direction, H or V . By taking
α = ±√

rαi and β = √
rαi , only one of the displacement

operators survives with amplitude
√

2rαi in modes 5 and 6,
while operators in the other modes, âA and âB , remain the
same. Using Eqs. (3) and (5), we find the state right before
reaching the polarizing beam splitters (PBSs) in Fig. 1 as

|ψϕ〉 = Nϕ

2

[|H 〉AD6(
√

2rαi)(|V 〉5|0〉6 + |0〉5|V 〉6)|√tαi〉B + eiϕ|H 〉AD5(
√

2rαi)(|V 〉5|0〉6 + |0〉5|V 〉6)| − √
tαi〉B

+ |V 〉AD6(
√

2rαi)(|H 〉5|0〉6 + |0〉5|H 〉6)|√tαi〉B + eiϕ|V 〉AD5(
√

2rαi)(|H 〉5|0〉6 + |0〉5|H 〉6)|−√
tαi〉B

]
. (6)

The final step is to measure two single photons, one for mode 5
and the other for mode 6, in different polarizations. The first
measurement operator can be expressed as

� = 1A ⊗ |0〉〈0|5H ⊗ |1〉〈1|5V ⊗ |1〉〈1|6H ⊗ |0〉〈0|6V ⊗ 1B.

(7)

The second and third terms of Eq. (6) are excluded by the
conditioning measurement �. It produces to the ideal hybrid
state as

ρ = Tr56[�|ψϕ〉〈ψϕ |]
〈ψϕ |�|ψϕ〉 = |�ϕ(αf )〉〈�ϕ(αf )|AB, (8)

where αf = √
tαi . The success probability to obtain the hybrid

state is

P ϕ = 〈ψϕ|�|ψϕ〉

= N2
ϕ (1 − t)α2

i e
−2(1−t)α2

i = N2
ϕ

(
1

t
−1

)
α2

f e−2( 1
t
−1)α2

f .

(9)

The success probability for a given value of αi can be
maximized by taking t = 1 − 1/(2α2

i ) with the hybrid state
size αf = √

α2
i − 1/2. In this case, P ϕ approaches 1/(8e) ≈

4.60% when the initial amplitude αi is large enough.

The other measurement event of �′ = 1A ⊗ |1〉〈1|5H ⊗
|0〉〈0|5V ⊗ |0〉〈0|6H ⊗ |1〉〈1|6V ⊗ 1B results in the bit-flipped
hybrid states |V 〉A|αf 〉B + eiϕ|H 〉A|−αf 〉B . It can be con-
verted to the target state by performing a simple bit-flip
operation on mode A or a π -phase shift on mode B. The
total success probability is therefore P

ϕ
tot = 2P ϕ . We can also

change the relative phase of |χ〉12 in order to change the relative
phase ϕ of the generated hybrid state.

III. EXPERIMENTAL CONSIDERATIONS

A. Detection inefficiency and vacuum mixtures

We need to consider effects of imperfect photodetectors
that may lower the fidelity between the generated hybrid state
and the ideal one. An imperfect photodetector with quantum
efficiency η can be expressed as a positive operator-valued
measurement,

Ê(n)
η =

∞∑
m=0

(
n + m

m

)
ηn(1 − η)m|n + m〉〈n + m|, (10)

in the photon number basis. The total measurement operator
for our scheme described in Fig. 1 then becomes

�η = 1A ⊗ Ê
(0)
η,5H ⊗ Ê

(1)
η,5V ⊗ Ê

(1)
η,6H ⊗ Ê

(0)
η,6V ⊗ 1B, (11)
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FIG. 2. (Color online) Fidelity (solid curves) and total success
probability (dashed curves) of the hybrid entangled state |�π (αf )〉AB

for the beam-splitter transmissivity t . The amplitude of the target
hybrid state is assumed to be αf = 1, and four cases are plotted with
detection efficiencies η = 0.7, 0.8, 0.9, and 0.99 (starting from the
bottom).

and the heralded state is given by

ρη = Tr56[�η|ψϕ〉〈ψϕ |]
〈ψϕ|�η|ψϕ〉 . (12)

In the case of imperfect detection, the fidelity and the success
probability can be calculated as

Fϕ
η = AB〈�ϕ|ρη|�ϕ〉AB = 1

2

(
1 + e−2(1−η)( 1

t
−1)α2

f

)
(13)

and

P
ϕ
η,tot = 2〈ψϕ |�η|ψϕ〉 = 2N2

ϕη2

(
1

t
− 1

)
α2

f e−2η( 1
t
−1)α2

f ,

(14)
respectively. The fidelity and the success probability of the
heralded state depend on η, αf , and t . We emphasize that
as shown in Eq. (13), even if the detection efficiency η is
limited, the hybrid state can be generated with an arbitrarily
high fidelity by taking t → 1. The cost to obtain a high fidelity
is to tolerate a low success probability which becomes zero as
the fidelity reaches unity. Figures 2 and 3 show the fidelity and
the success probability by changing various parameters.

In a real experiment, the polarization entangled photon pair
|χ〉12 used for our scheme may be mixed with the vacuum state
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FIG. 3. (Color online) (a) Fidelity and (b) total success probabil-
ity for state |�π (αf )〉AB in terms of its amplitude (αf ) and detection
efficiency (η). The transmissivity of the beam splitter is assumed to
be t = 0.99.

|0〉12 for modes 1 and 2. The effective form of such a mixed
state is

ρχ = z(|χ〉〈χ |)12 + (1 − z)(|0〉〈0|)12, (15)

where 0 < z � 1. Remarkably, the vacuum component can
be filtered by the conditioning measurement �. When states
|0〉12 ⊗ |SCSϕ(αi)〉3 are initially prepared, the states for
modes 5 and 6 will become |√2rαi〉5|0〉6 or |0〉5|

√
2rαi〉6

before the heralding measurement [see Eq. (6)], and one of
the modes will not contain any photons. Therefore, there is no
chance to get the successful measurement event (i.e., single-
photon measurement on both modes 5 and 6). Meanwhile,
the success probability decreases by factor z as the procedure
starting with the vacuum state always fails.

B. Use of approximate resource states

The SCSs required as resources for our scheme have been
experimentally demonstrated while their fidelities and sizes
are more or less limited [25–29]. As an example, it has been
shown that a photon-subtracted squeezed state (or equivalently,
a squeezed single photon [35]) well approximates an ideal
SCS, |SCSπ (α)〉 ∝ |α〉 − |−α〉, for relatively small values of
α [30,36], and its experimental demonstrations have been
reported [25,26,28,29]. A squeezed single-photon state in the
Fock basis is

Ŝ(s)|1〉 =
∞∑

n=0

(tanh s)n

(cosh s)3/2

√
(2n + 1)!

2nn!
|2n + 1〉, (16)

where Ŝ(s) = e−(s/2)(â2−â†2) and s is the squeezing parameter.
Its fidelity to an ideal state |SCSπ (α)〉 is

F(α,s) = |〈SCSπ (α)|Ŝ(s)|1〉|2 = 2α2eα2(tanh s−1)

(cosh s)3(1 − e−2α2 )
.

(17)
For example, squeezing parameters s = 0.161 and 0.313
approximate |SCSπ (αi)〉 with amplitudes αi = 0.7 and 1 with
fidelities F = 0.9998 and 0.997, respectively [30]. We choose
these two values for our investigation.

We note that for a small squeezing parameter s, it is
sufficient to reduce the state (16) in the number basis with an
appropriate cutoff number, ncut, for our numerical calculations.
For example, the amplitude ratio of n = 7 to n = 0 of state (16)
is less than 0.0005 for s = 0.313 (and even smaller for
s = 0.161), thus we take the cutoff number ncut = 7, where the
actual photon number cutoff is 2ncut + 1 = 15 from Eq. (16).
We can also model the beam splitter of transmissivity t

(r = 1 − t) in the photon number basis, which transforms
incoming modes i and j into outgoing modes i ′ and j ′ as

|n〉i |m〉j →
n∑
p

m∑
q

Bpq |p + m − q〉i ′ |n − p + q〉j ′ , (18)

where Bpq = [( n

p
)(m

q
)tp+qrn+m−p−q]1/2(−1)n−p. Numerical

calculations using ncut and the beam-splitter model in the
photon number basis are applied in order to calculate the
fidelity and the success probability with approximate resource
states. Figure 4 shows that the squeezing parameter of
s = 0.161 (s = 0.313) and the vacuum portion of z = 0.5
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FIG. 4. (Color online) (a), (c) Fidelity and (b), (d) total success
probability for state |�π (αf )〉AB using photon-subtracted squeezed
states as approximate SCSs. The squeezing parameters used to obtain
the photon-subtracted squeezed states are s = 0.161 (upper figures)
and s = 0.313 (lower figures). The transmissivity is t = 0.9 (dot-
dashed lines), t = 0.99 (dashed lines), and t = 0.999 (solid lines),
respectively. The vacuum portion of the polarization entangled pair
is assumed to be 1 − z = 0.5.

result in the fidelity of the heralded hybrid entanglement
with fidelity F > 0.996 (F > 0.986) and amplitude αf ≈
0.7 (αf ≈ 1.0) by taking transmissivity t � 0.99 and assuming
realistic detector efficiency η � 0.4. We emphasize that the
two chosen amplitudes here, αf ≈ 0.7 and αf ≈ 1.0, for
hybrid entanglement were suggested as the best values for a
loophole-free Bell test [12] and for the hybrid-qubit quantum
computation [13], respectively. The success probability of the
conditioning measurement with t = 0.99 varies from Ptot ≈
10−4 to Ptot ≈ 10−3 by increasing the detection efficiency η

from 0.4 to 1.
In order to investigate a degree of entanglement for the

heralded hybrid states, we evaluate negativity of the partial
transpose [37–39], E(ρ) = ||ρTA || − 1 = −2

∑
i λ

−
i , where

ρTA is the partial transpose of ρ and λ−
i are its negative

eigenvalues. The degree E(ρ) ranges from 0 to 1, while an
ideal hybrid state of α � 1 results in E(ρ) ≈ 1. The degrees of
entanglement are E(ρ) = 0.922 [E(ρ) = 0.982] for squeezing
parameters s = 0.161 (s = 0.313) by taking t = 0.99,z = 0.5,
and η = 0.7. The entanglement degrees can be compared with
those of the ideal hybrid states with αf = 0.7 and αf = 1.0,
i.e., E(ρ) = 0.927 and E(ρ) = 0.991, respectively.

C. Imperfect on-off detectors and SPDC sources

An on-off photodetector (e.g., avalanche photodiode) typi-
cally used in a laboratory does not distinguish between a single
photon and two or more photons. Furthermore, a realistic
polarized photon pair generated by spontaneous parametric
down conversion (SPDC) contains undesired vacuum and
higher-order terms in addition to state |χ〉.

On-off photodetection changes the conditioning measure-
ment of Eq. (11) to

�on-off
η = 1A ⊗ Ê

(0)
η,5H ⊗ Ê

(click)
η,5V ⊗ Ê

(click)
η,6H ⊗ Ê

(0)
η,6V ⊗ 1B, (19)

where Ê(click) = 1 − Ê(0) = ∑∞
m=0[1 − (1 − η)m]|m〉〈m|. The

polarization entangled state created by SPDC can be repre-
sented by |SPDCχ 〉 = exp(ξK̂+ + ξ ∗K̂−)|0〉12, where K̂+ =
â
†
1H â

†
2V + â

†
1V â

†
2H and K̂− = K̂

†
+ with the squeezing parame-

ter ξ . The state can be simplified as

|SPDCχ 〉 =
√

1 − λ2
∞∑

n=0

λn|�n〉12, (20)

where λ = tanh |ξ | is the interaction strength and |�n〉12 =
(n + 1)−1/2 ∑n

m=0 |m〉1H |n − m〉1V |n − m〉2H |m〉2V [40]. In
this case, the probability ratio for |�n〉 has an order of O(λ2n).
Note that |�0〉 is the vacuum state and |�1〉 = |χ〉. The total
success probability of the final heralding measurement using
the SPDC source then becomes

Ptot = (1 − λ2)
[
Pvac + λ2P|χ〉 + λ4P|�2〉 + O(λ6)

]
, (21)

where Pvac, P|χ〉, and P|�2〉 are success probabilities when
the input state was the vacuum, |χ〉, and |�2〉, respectively.
Generally, λ in the SPDC source has a small value so that
higher order terms can be neglected. We shall ignore O(λ6) in
the following calculations.

The input state of |χ〉 is the only desired state for generating
the hybrid entanglement and apparently successful heralding
measurements of all the other input states will degrade the
fidelity of the generated state. The fidelity Feff of the finally
generated state under these more realistic conditions is

Feff = (1 − λ2)λ2P|χ〉
Ptot

F

≈ P|χ〉
λ−2Pvac + P|χ〉 + λ2P|�2〉

F . (22)

We calculate Pvac, P|χ〉, and P|�2〉 using the numerical method
in the number basis as explained in the previous section.
We plot the final fidelities Feff for several choices of on-off
detection efficiencies η and the beam-splitter transmissivity
t = 0.99 in Fig. 5. Remarkably, the fidelities are insensitive to
inefficiency η of the on-off detectors even though it reduces
the success probabilities of the scheme. The fidelities are
reasonably high for large regions of experimentally relevant
values of the interaction strength λ. For example, we can obtain
the hybrid state of αf = 0.7 and Feff ≈ 0.939 using the SPDC
source of λ = 2.2 × 10−2 and a squeezed single-photon state
of s = 0.161 with on-off detectors of 50% efficiency, while
the success probability is reduced to Ptot = 5.1 × 10−7. As
another example, the hybrid state of αf = 1 and Feff ≈ 0.842
can be generated using the SPDC source of λ = 3.8 × 10−2

and a squeezed single-photon state of s = 0.313 with the on-
off detectors of 50% efficiency while the success probability
is Ptot = 2.4 × 10−6. Figure 5 shows that the fidelities are
still reasonably high even when the detection efficiency is
as low as 10%. We also note that dark counts during the
heralding detection process may be another factor to degrade
the final fidelity, and photodetectors with ultralow dark count
rates compared to quantum efficiency [41–45] may be used for
high fidelities. On the other hand, we expect that the effects of
dark counts may be limited at a reasonable level using current
technology as done for this type of experiment [9,10].
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FIG. 5. (Color online) Expected fidelity of the generated hybrid
entanglement when a squeezed single-photon state and a SPDC
source with interaction strength λ are applied to the scheme using
inefficient on-off detectors. The squeezing parameters are (a) s =
0.161 and (b) s = 0.313 while the beam-splitter transmissivity is
t = 0.99 for both cases. The efficiencies of the on-off detectors are
η = 0.9, 0.7, 0.5, 0.3, and 0.1 starting from the top.

IV. REMARKS

We have suggested a scheme to generate hybrid entan-
glement between a single-photon qubit and a coherent state
qubit. Unlike previous proposals [8–10], our scheme enables
one to generate the exact form of hybrid entanglement, without
approximation, required for resource-efficient optical hybrid
quantum computation [13] and loophole-free Bell inequality
tests [12]. The required resources are a SCS, an entangled
photon pair, the displacement operation, four photodetectors,
and beam splitters. Even when photodetectors with limited
efficiencies are used, hybrid entanglement with an arbitrarily
high fidelity can be generated at the price of a lower success
probability. We have also analyzed fidelities of the generated
states when a SPDC source, an approximate SCS, and on-off
detectors with low efficiencies are used for the scheme. Even
under these realistic assumptions, hybrid entanglement with
high fidelities may be obtained. According to our analysis,
experimental implementation of our scheme seems feasible
using current technology despite some expected experimental
imperfections.
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