
Probing the Universe with 
Large-Scale Structure 

General Relativistic Effects and 
Gauge-Invariant Formalism

JAIYUL YOO 
CENTER for THEORETICAL ASTROPHYSICS AND COSMOLOGY  

INSTITUTES for COMPUTATIONAL SCIENCE & PHYSICS, UNIVERSITY of  ZÜRICH 

2 October 2019



I. PRECISION COSMOLOGY: 
Past, Today, and Future



I. PRECISION COSMOLOGY: PAST, TODAY, and FUTURE

3

Galaxy Surveys

• The CfA galaxy redshift survey in 1977 ~ 1985 
• 18,000 galaxies, z~0.05             CfA great wall 

Huchra, Davis, Latham, Tonry, ApJS, 1983 
de Lapparent, Geller, Huchra, ApJ, 1991
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Galaxy Surveys

small fraction of
our Universe

redshift ~ 0.2

2dF Galaxy Redshift Survey
1997~2002 (1500 deg2)
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• Sloan Digital Sky Survey 
• 2000 ~ 2008 
• 1/4 sky (10,000 deg2) 
• 1 million galaxies 
• 120,000 quasars 
• ~ 24 magnitude 
• z ~ 0.5

Credit: SDSS

Galaxy Surveys



I. PRECISION COSMOLOGY: PAST, TODAY, and FUTURE

5

• Sloan Digital Sky Survey 
• 2000 ~ 2008 
• 1/4 sky (10,000 deg2) 
• 1 million galaxies 
• 120,000 quasars 
• ~ 24 magnitude 
• z ~ 0.5

Credit: SDSS

Galaxy Surveys



I. PRECISION COSMOLOGY: PAST, TODAY, and FUTURE

6

• Baryonic Oscillation 
Spectroscopic Survey 

• 2009 ~ 2014 
• 1/4 sky 
• 2 million galaxies 
• 160,000 quasars 
• z ~ 0.8 

• precise distance by BAO 
• low redshift anchor to 

CMB 
• ~1% to z=0.3, 0.5, 0.7

Galaxy Surveys

Beutler et al. 2017
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• Baryonic Oscillation 
Spectroscopic Survey 

• 2009 ~ 2014 
• 1/4 sky 
• 2 million galaxies 
• 160,000 quasars 
• z ~ 0.8 

• precise distance by BAO 
• low redshift anchor to 

CMB 
• ~1% to z=0.3, 0.5, 0.7

Galaxy Surveys

Anderson et al. 2013Beutler et al. 2017
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Cosmic Microwave Background

• Arno Penzias & Robert Wilson at Bell laboratory 
• detected the 3.5K radiation from Big Bang in 1964 
• noise (systematic errors) for their experiments 

Nobel prize 1978
for its discovery
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Cosmic Microwave Background

• Cosmic Background Explorer in 1989 ~ 1993 
• large-scale anisotropies (up to 6 degree) 

Credit: NASA LAMBDA

Nobel prize 2006
for its discovery
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• precise measurement of  CMB anisotropies : 
WMAP5, Planck, and ... 

• s 
• s 

• observed redshift                      

Cosmic Microwave Background

• Wilkinson Microwave Anisotropy Probe in 2001~ 2010  
• precision cosmology! (resolution: ~25 arc minute) 
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WMAP (US satellite mission) Planck (European satellite)

Planck satellite in 2009~ 2013 
precision cosmology! (resolution: ~10 arc minute)
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B-mode detection?

cosmological gravity waves 2014

South Pole Telescope
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• Planck dust polarization map
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B-mode in the Sky?

Vincent van Gogh
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• intrinsic brightness: well-known 
• apparent brightness: cosmological distance 

Standard Candle

farther away, dimmer

closer, brighter
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Type-Ia SN: Standard Candle

• white dwarf  in binary accrete material from companion 
• runaway carbon nuclear fusion in few secs 
• same amount of  carbon & easy to calibrate 



I. PRECISION COSMOLOGY: PAST, TODAY, and FUTURE

15

Type-Ia SN: Standard Candle

• white dwarf  in binary accrete material from companion 
• runaway carbon nuclear fusion in few secs 
• same amount of  carbon & easy to calibrate 



I. PRECISION COSMOLOGY: PAST, TODAY, and FUTURE

16

Supernova Observations

• distant galaxies are farther away (dimmer!) 
• larger magnitude for fainter objects (z<1.0) 

observed curve

ApJ 1999

expected curve
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Dark MatterDark Energy

• acceleration of  the Universe: repulsive gravity 
• what is it? very mysterious in nature 
• cosmological observations can shed light 

Nobel prize 2011
for its discoverymeasurements in 2011
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• Planck collaboration 2018: 
    precision measurements!
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Standard Model of Cosmology

• I. inflationary epoch in early Universe 
• seed fluctuations for formation of  galaxies & life 

• II. matter & energy content of  Universe today 
• exotic particles: dark matter (22%) 
• repulsive gravity: dark energy (74%) 
• ordinary matter: only 4%! 

• III. general relativity: Einstein  
• describe evolution of  matter & energy
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Standard Model: Inflation

• initial perturbation generation in early Universe 
• seed for life from quantum fluctuations

exponential expansion in 
space
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Horizon Problem

• same temperature: two patches of  sky 
• not enough time to communicate with each other 

temperature ~ 3K up to 1/100,000
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Horizon Problem

• ~ 400,000 years old, ~ 10 billion light years across 
• not enough time to communicate with each other 

time

space

379,000 yrs

past light cone

Universe opaque

Universe transparent

Big Bang

Last scattering
COBE resolution WMAP resolution



I. PRECISION COSMOLOGY: PAST, TODAY, and FUTURE

23

Inflation: Horizon Problem

• solve the Horizon problem 
• seed for life from quantum fluctuations

exponential expansion in 
space
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• matter & energy content of  Universe today 
• exotic particles: dark matter (22%) 
• repulsive gravity: dark energy (74%) 
• ordinary matter: only 4%! 

24

Standard Model: Dark Sector
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Dark MatterDark Matter

• invisible matter, exotic particles  
• 85% of  matter, 22% of  total matter & energy 



I. PRECISION COSMOLOGY: PAST, TODAY, and FUTURE

26

what observers see in the sky
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what theoriests see in the sky
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invisible dark matter

ordinary matter:
visible stars, galaxies, 
hot gas
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Standard Model: Dark Sector
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Dark Energy
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• accelerating expansion of  Universe today 
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Dark Energy

• cosmological constant? 
it should be infinite 
from loop corrections 

• extra scalar field?   why 
now? we have not seen it 

• modification of  gravity? 
do we even have a 
consistent theory of  
modified gravity?
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• exotic particles: dark matter (22%) 
• repulsive gravity: dark energy (74%) 
• ordinary matter: only 4%! 
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Standard Model: Dark Sector
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• general relativity: Albert Einstein  
• describe evolution of  matter & energy 
• from micrometer to hundred billion light years 

	 spacetime tells matter how to move; 
	 	           matter tells space-time how to curve

Einstein equation

Standard Model: Einstein Gravity
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Rich History at Zürich

• PhD in 1905 at University of  Zürich 
• Professor at Institute for Theoretical Physics, Zürich 
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Inflation Dark Sector Relativity

Standard Model of Cosmology

34
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• I. inflationary epoch: Not Understood 
• what generates initial perturbations? 

• II. dark sector (96%): Not Understood 
• dark matter (22%) and dark energy (74%) 
• what are the nature of  dark sector? 
• ordinary matter (4%): Understood, check! 

• III. Einstein’s general relativity: Not Sure 
• valid on cosmological scales? modified gravity? 
• well tested in Solar System

Problems in Cosmology
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Problems in Cosmology

It is the most compelling of 
all outstanding problems in physical science! 

Dark Energy Task Force 2006 

The Birth of  the Universe: one of  the big  
issues for 21st century particle physicists 

Quantum Universe Report 2010



• current and future ground-based surveys: 
• Baryonic Oscillation Spectroscopic Survey  
• Dark Energy Survey 
• Dark Energy Spectroscopic Instrument 
• Large Synoptic Survey Telescope 

• future space missions: 
• Euclid  
• Wide-Field Infrared Survey Telescope  

• sub-percent level  
precision measurements!

I. PRECISION COSMOLOGY: PAST, TODAY, and FUTURE

Large-Scale Surveys
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More Ambitious Surveys

• future radio surveys: 
• Murchison Wide-field Array  

Phase-II 
• Square Kilometer Array 

• redshifted 21cm lines: 
• from hyperfine transition in neutral hydrogen 
• probe redshift 10 ~ 30 
• more statistical power than CMB 

Even more precise measurements!

Square Kilometer Array
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CMB Stage IV (S4)

• next-generation CMB experiment: 
• dedicated telescopes  
• South Pole & Chile Atacama 
• and more telescopes? 
• inflation  
• neutrino mass 
• relativistic species 

X
m⌫
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South Pole station Chile Atacama plateau
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Challenges

• precision measurements demand: 
• substantial advances in theoretical modeling of  

cosmological observables 

• standard theoretical descriptions: 
• sufficiently accurate to describe precision 

measurements?     answer: No! 
• galaxy clustering, weak lensing, Boltzmann eq. etc 
• incomplete and limited to linear theory                                 

due to gauge dependence & missing observer 
specification 
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Research Program
• re-write theoretical descriptions of  all cosmological 

observables: 
• in proper relativistic framework 
• check gauge-invariance 
• work out impact of  missing physics on observables 
• relativistic effects as novel probes of  cosmology 
• work in progress! 
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Research Program
• re-write theoretical descriptions of  all cosmological 

observables: 
• in proper relativistic framework 
• check gauge-invariance 
• work out impact of  missing physics on observables 
• relativistic effects as novel probes of  cosmology 
• work in progress! 

warning: 
They work well!  

BUT not quite so at the percent level or better



• postdoctoral fellows: 
• Yves Dirian 
• Ermis Mitsou 
• Enea Di Dio 

• PhD students: 
• Fulvio Scaccabarozzi 
• Nastassia Grimm 
• Sandra Baumgartner 

42

Team at Zürich
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(a) Relativistic Effects
• all cosmological observations by measuring photons: 

• well known, but often ignored! 
• null geodesic for light path (vs instantaneous prop.) 
• light cone observation (vs same time volume) 

• missing relativistic effects: 
• gravitational redshift, gravitational lensing 
• frame distortion, etc 

• more subtle relativistic effects: 
• primordial non-Gaussianity, inflationary fossils 
• dark energy fluctuations, modified gravity, and so on                  



II. IMPROVING THE STANADRD COSMOLOGICAL DESCRIPTIONS

• LyA emission from Quasar at  
• cosmological expansion & other relativistic effects  
• observed redshift z=3.18 (= 5081/1216 —1) 

•

46

Observed Redshift

� = 5081Å

� = 5081Å
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Gravitational Redshift

• photon energy is affected 
• due to gravity at source and observer (Sachs-Wolfe) 
• also change in gravity during propagation (iSW)

dark matter

471 + zobs = (1 + z)
�
1 + V (z)� V (0)� ⇥(z) + ⇥(0)�

⇤ r

0
dr� (⇥̇ � �̇)

⇥
.



II. IMPROVING THE STANADRD COSMOLOGICAL DESCRIPTIONS

• observed angular position is not real position 
• matter distribution deflect light propagation 

•

48
n̂obs = (✓obs, �obs) = n̂true + �n, �n = (�✓, ��)

Gravitational Lensing
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•
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Gravitational Lensing
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Primordial non-Gaussianity

• deviation in Gaussian fluctuations in early Universe 
• beyond standard inflationary models 
• status of  early Universe

2D Gaussian surface 2D non-Gaussian surface
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• large-scale fluctuations modulate small-scale dynamics 
• high density peaks: sensitive probe!

more high-density peaks with non-Gaussianity

�g / fnl�

Primordial non-Gaussianity
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Modified Gravity
• motivation for different gravity theories: 

• no dark energy: explain it away! 
• why not? smarter than Einstein 

• main character: 
• different from general relativity (infinite possibilities) 
• highly constrained by various tests & experiments 
• no convincing guiding principle 

• main problems: 
• free parameters, no difference, incompleteness (ghost)
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Modified Gravity Theories
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Modified Gravity Theories
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Significance
• relativistic effects are prevalent! 

• encode extra and critical information: 

• initial condition of  Universe 
• nature of  gravity on large scales 

• Not in Newtonian descriptions: 

• need proper relativistic descriptions!

key information!
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(b) Who Measures What?
• cosmological observables: 

• photons: frequency, polarization, flux, position 
• derivables: redshift, shape, luminosity, number 

density, lensing shear, etc. 

• observers (us) in rest frame (Minkowski): 
• observer dependent, but so trivial, often ignored! 
• (FRW) coordinate independent! (diffeo. invariant) 
• scalar under diffeomorphism: FRW vectors, tensors, 

all against our local basis 
• same for physical quantities in the source rest frame
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Symmetries
• general relativity (in cosmology): 

• diffeomorphism symmetry: any coordinates work 
• FRW metric with any gauge choice 
• cosmological observables: gauge invariant 
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Symmetries
• coordinates in observer rest frame (Minkowski): 

• (local) Lorentz symmetry (indep. of  FRW coordinates) 
in the tangent space at observer position 

• boost is fixed, only rotational freedom 
• cosmological observables: not invariant under Lorentz 
• direct connection to QFT calculations 
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• tetrad fields:      (four directional vector fields) 
• metric is fully contained in tetrad 
• transparency: diffeo. & LLT (internal gauge symm.) 
• spinors: a representation of  SL(2,C), not in diffeo. 
• already well developed in general relativity 

• application to cosmology: natural generalization 
• not only at observer or src, but fields (everywhere!) 
• observer family: all possible observers everywhere 
• when projected, “observables”& gauge invariant 
• natural connection to QFT in Minkowski spacetime

Tetrad Formalism
eµa
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Mitsou & Yoo 2019
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Simultaneity
• no absolute simultaneity 
• any choice of  hypersurface is ok (gauge freedom) 
• perturbations depend on choice of  hypersurface (gauge)

hypersurface
simultaneity is relative!
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Correspondence

• perturbations: 
• inhomogeneous universe and spacetime  
• homogeneous fictitious background

template
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Gauge Freedom

• general covariance in GR: 
• free to choose a coordinate system 
• change in correspondence to background
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Gauge Freedom

• general covariance in GR: 
• free to choose a coordinate system 
• change in correspondence to background



• theoretical predictions in cosmology 
• perturbations are gauge-dependent 
• cannot be directly associated with observables! 

• observable quantities: 
• gauge-invariance is a necessary condition, but           

not a sufficient condition 
• explicit check is needed
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Gauge Issues



• cosmological observables: 
• should be gauge-invariant, but std description: no! 

• standard theoretical descriptions: 
• chose one gauge, e.g., conformal Newtonian gauge 
• complete gauge fixing: gauge-invariant, not enough! 
• gauge-dependent: in general representations 

• lessons learned: 
• gauge fixing: easier, but lose ability to verify 
• explicit check of  gauge transformations
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(c) Gauge-Invariance
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Take-Home Message
• standard descriptions: incomplete 

• gauge dependent: different values in different gauges 
• no specification of  observer & source 
• nor frames in which physical events take place 

• limited to linear order: 
• rely on background FRW metric 
• similar to Minkowski metric in observer rest frame  
• only at 1st order, not generally valid 

need to re-write cosmology: what we do in Zürich! 
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Predictions of  Gauge-Invariant Formalism
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(a) Luminosity Distance

• standard candle: 
• intrinsic luminosity: LSN known 
• observables: flux, redshift, position 
• luminosity distance:  

• inhomogeneities: 
• all observables are affected  
• perturbations: 
• LHS: observable, gauge-invariant 
• RHS: should be gauge-invariant

DL =

✓
LSN

4⇡fobs

◆1/2
fobs, zobs, nobs

DL = D̄L(zobs)(1 + �D)
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Fluctuations in Luminosity Distance

• linear-order calculations: 
• with respect to observed redshift: 
• luminosity distance: 

           perturbations: gauge invariant 
• individual terms: gauge dependent 

• physical interpretation: 
• distortion in redshift: 
• radial & angular distortions of  src position: 
• distortion in local frame:

zobs

�z

�r 
⌅ =

1

2

�
Ci

i � Cijn
inj

�

DL = D̄L(zobs)(1 + �D)

�D = �z +
�r

r̄
� + ⌅

1 + zobs =
1 + �z

a(⌘)

Sasaki 1987,    Schmidt & Jeong 2014,    Biern & Yoo 2017



III. IMPACT OF RELATIVISTIC EFFECTS in COSMOLOGY

• SN Ia observations without Dark Energy: 
• super-horizon fluctuations give large variance in LD 
• good chance to be in under-dense region 

• if  in under-dense region: 
• acceleration of  expansion 
• explain SN Ia with ordinary                                      

cosmology 
• no need for dark energy

68

No Dark Energy?

Barausse et al. 2005,    Kolb et al. 2005

if  we live here!?
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Infrared Divergences
• standard calculations: 

• order unity variance with N~500 e-folding 
• no need for dark energy: 
• no upper limit on N 

• many groups: 
• found same results 
• impose ad hoc IR cutoff  

kIR~H0 is imposed 
• conformal Newtonian 

gauge

No dark energy

Barausse et al. 2005, Kolb et al. 2005
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Equivalence Principle

• no impact of  long modes on observables: 
• local observables independent of  such long modes 
• uniform gravitational potential & acceleration 
• long-mode contribution             to the least 

• what’s wrong in many calculations? 
• errors made when choosing gauge condition 
• mostly in conformal Newtonian gauge 
• some terms are ignored, break gauge-invariance 
• cause pathology 

/ k2L
Hirata & Seljak 2005,    Green & Wald 2011,    Biern & Yoo 2017
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Impact on Luminosity Distance

• linear-order expressions: 

• black: standard calculation (IR divergence) 
• blue: correct gauge-invariant calculation 

• grey: missing 
component 

• cancellation: 
potential terms 
balanced

DL = D̄L(zobs)(1 + �D) �D = �z +
�r

r̄
� + ⌅

Biern & Yoo 2017 JCAP



• summary of  new findings:  
• no IR-divergences in variance: we need dark energy! 
• no ad hoc IR cutoff  is needed 
• definitive & explicit end to controversy 

• lessons learned:  
• use correct gauge-invariant expression 
• make sure to explicitly check gauge-invariance 
• shift in mean LD from background (2nd order; in progress) 
• suspect more missing terms in other calculations 
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Biern & Yoo 2017

(see Yoo & Scaccabarozzi 2016: compare 4 methods for computing luminosity distance)

(a) Luminosity Distance



III. IMPACT OF RELATIVISTIC EFFECTS in COSMOLOGY

73

• measure of  how galaxies are distributed: 
• construct fluctuation in galaxy counts: 

• total number of  observed galaxies  
• observed volume             given 
• fluctuation field 

• relation to physical number density: 
• number conservation 
• observed number density

dVobs (zobs, ✓obs,�obs)

zobs 6= z , fobs 6= fphy , dVobs 6= dVphy

�obsg =
nobs
g

hnobs
g i � 1

dNtot

dNtot = nphy
g dVphy = nobs

g dVobs

nobs
g = nphy

g
dVphy

dVobs

(b) Galaxy Clustering



III. IMPACT OF RELATIVISTIC EFFECTS in COSMOLOGY

74

Systematic Errors
• theoretical predictions: 

• relativistic (correct)  
• standard Newt.

(incorrect) 
• standard method: 

• underestimate the 
observed signals at  low 
multipoles 

• large cosmic variance 

standard predictions (Newtonian)

correct predictions (relativistic)

                                                       NVSS 

�g = b �sync
m + (5p� 2) ⇥

Angular cross-correlation  
of  LSS with CMB 

Yoo, Fitzpatrick, Zaldarriaga 2009 PRD
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Primordial Gravity Waves

• gravity waves in galaxy clustering (spin 0 vs spin 2) 
• tensor-to-scalar ratio r=0.1  

            QSO auto                                QSO cross

tensor

tensor

scalar

scalar



• relativistic effects: 
• beyond BAO: a few percent level corrections 
• lensing and velocity contributions 
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Correlation Function

Scaccabarozzi, Yoo, Biern 2018 JCAP
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• primordial non-Gaussianity: 
• local-type: super-horizon mode on small scales 
• non-gravitational initial condition 

• yes, effective non-Gaussianity: 
• no primordial origin, but by nonlinear gravity 
• due to nonlinear constraint equations in GR 
Bruni et al. 2014,   Bruni, Hidalgo, Wands 2014,   Bartolo et al. 2015 

Effective non-Gaussianity?
⇣ = ⇣G +

3

5
fnl⇣

2
G + · · ·

�s =
�
1� 2⇣l + 2⇣2l + · · ·

�
�G ! �fnl = �5/3 , �gnl = 50/27 , · · ·
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Resolutions
• answer: no effective non-Gaussianity due to gravity 

• equivalence principle: geometric gravity 
• coordinate re-scaling with SH mode 

                                                              
• non-vanishing SH correlation from non-gravity 

• nonlinearly generated? no, in the initial condition 
• anything wrong in calculations? just fine 

• all correct second-order calculations 
Bruni et al. ApJ 2014, Bruni, Hidalgo, Wands, ApJL 2014, Bartolo et al. 2015 

• character of  gauge choice, as in Maldacena 2003

Yoo & Gong 2016 PLB 

/ (k/H)2

dx̃i ⌘ e⇣ldxi ! �⇣ = e2⇣l�̃⇣ , �s ⇡ �G
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(c) Weak Gravitational Lensing

ŝtrue = n̂obs + �n, n̂obs = (✓, �)obs, �n = (�✓, ��)
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• limitations in standard weak lensing: 
• intrinsically relativistic, but incomplete 
• extension beyond linear order: difficult 

• problems in standard weak lensing: 
• true source angular position: un-observable  

• un-observable distortion matrix: angular size (d✓, d�)
<latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="wfEGUi7J/WsyaAhSH0+zx6K5ACw=">AAAB+HicdVDJSgNBEO2JW4xLRj16aQxCBAkzIest4MVjBLNAZgg9PZ2kSc9Cd40QQ77EiwdFvPop3vwbe5IIKvqg4PFeFVX1vFhwBZb1YWQ2Nre2d7K7ub39g8O8eXTcVVEiKevQSESy7xHFBA9ZBzgI1o8lI4EnWM+bXqV+745JxaPwFmYxcwMyDvmIUwJaGpr5ou/AhAG59J14wi+GZsEqNWuVZrOKNanWy5adkrrVqNSwXbKWKKA12kPz3fEjmgQsBCqIUgPbisGdEwmcCrbIOYliMaFTMmYDTUMSMOXOl4cv8LlWfDyKpK4Q8FL9PjEngVKzwNOdAYGJ+u2l4l/eIIFRw53zME6AhXS1aJQIDBFOU8A+l4yCmGlCqOT6VkwnRBIKOqucDuHrU/w/6ZZLtlWybyqFVm0dRxadojNURDaqoxa6Rm3UQRQl6AE9oWfj3ng0XozXVWvGWM+coB8w3j4BdCmS7Q==</latexit>



III. IMPACT OF RELATIVISTIC EFFECTS in COSMOLOGY

79

(c) Weak Gravitational Lensing
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<latexit sha1_base64="4Aw3in4vndFmnH9N653XfWB6A4s="></latexit><latexit sha1_base64="4Aw3in4vndFmnH9N653XfWB6A4s="></latexit><latexit sha1_base64="4Aw3in4vndFmnH9N653XfWB6A4s="></latexit><latexit sha1_base64="s/o7bhHFVEJtlO3qBtg5xFzbO30="></latexit>

✓
ds✓

sin ✓ ds�

◆
⌘

✓
D11 D12

D21 D22

◆✓
d✓

sin ✓d�

◆
,

<latexit sha1_base64="ywoN51NIs/LfS0XTR9EUfarcmD0="></latexit><latexit sha1_base64="ywoN51NIs/LfS0XTR9EUfarcmD0="></latexit><latexit sha1_base64="ywoN51NIs/LfS0XTR9EUfarcmD0="></latexit><latexit sha1_base64="a6u8jrxqiiVHEqymHA6Z744VRag="></latexit>

D ⌘
✓

1� � �1 ��2 � !
��2 + ! 1� + �1

◆

<latexit sha1_base64="OLhpCNCqgwL5xM/VY3YNXKrV5gM="></latexit><latexit sha1_base64="OLhpCNCqgwL5xM/VY3YNXKrV5gM="></latexit><latexit sha1_base64="OLhpCNCqgwL5xM/VY3YNXKrV5gM="></latexit><latexit sha1_base64="wUPoSeOkMp9GSn2hvJSP2aDoPms="></latexit>

• limitations in standard weak lensing: 
• intrinsically relativistic, but incomplete 
• extension beyond linear order: difficult 

• problems in standard weak lensing: 
• true source angular position: un-observable  

• un-observable distortion matrix: angular size (d✓, d�)
<latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="wfEGUi7J/WsyaAhSH0+zx6K5ACw=">AAAB+HicdVDJSgNBEO2JW4xLRj16aQxCBAkzIest4MVjBLNAZgg9PZ2kSc9Cd40QQ77EiwdFvPop3vwbe5IIKvqg4PFeFVX1vFhwBZb1YWQ2Nre2d7K7ub39g8O8eXTcVVEiKevQSESy7xHFBA9ZBzgI1o8lI4EnWM+bXqV+745JxaPwFmYxcwMyDvmIUwJaGpr5ou/AhAG59J14wi+GZsEqNWuVZrOKNanWy5adkrrVqNSwXbKWKKA12kPz3fEjmgQsBCqIUgPbisGdEwmcCrbIOYliMaFTMmYDTUMSMOXOl4cv8LlWfDyKpK4Q8FL9PjEngVKzwNOdAYGJ+u2l4l/eIIFRw53zME6AhXS1aJQIDBFOU8A+l4yCmGlCqOT6VkwnRBIKOqucDuHrU/w/6ZZLtlWybyqFVm0dRxadojNURDaqoxa6Rm3UQRQl6AE9oWfj3ng0XozXVWvGWM+coB8w3j4BdCmS7Q==</latexit>

observables to measure
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(c) Weak Gravitational Lensing

ŝtrue = n̂obs + �n, n̂obs = (✓, �)obs, �n = (�✓, ��)
<latexit sha1_base64="4Aw3in4vndFmnH9N653XfWB6A4s="></latexit><latexit sha1_base64="4Aw3in4vndFmnH9N653XfWB6A4s="></latexit><latexit sha1_base64="4Aw3in4vndFmnH9N653XfWB6A4s="></latexit><latexit sha1_base64="s/o7bhHFVEJtlO3qBtg5xFzbO30="></latexit>

✓
ds✓

sin ✓ ds�

◆
⌘

✓
D11 D12

D21 D22

◆✓
d✓

sin ✓d�

◆
,

<latexit sha1_base64="ywoN51NIs/LfS0XTR9EUfarcmD0="></latexit><latexit sha1_base64="ywoN51NIs/LfS0XTR9EUfarcmD0="></latexit><latexit sha1_base64="ywoN51NIs/LfS0XTR9EUfarcmD0="></latexit><latexit sha1_base64="a6u8jrxqiiVHEqymHA6Z744VRag="></latexit>

D ⌘
✓

1� � �1 ��2 � !
��2 + ! 1� + �1

◆

<latexit sha1_base64="OLhpCNCqgwL5xM/VY3YNXKrV5gM="></latexit><latexit sha1_base64="OLhpCNCqgwL5xM/VY3YNXKrV5gM="></latexit><latexit sha1_base64="OLhpCNCqgwL5xM/VY3YNXKrV5gM="></latexit><latexit sha1_base64="wUPoSeOkMp9GSn2hvJSP2aDoPms="></latexit>

• limitations in standard weak lensing: 
• intrinsically relativistic, but incomplete 
• extension beyond linear order: difficult 

• problems in standard weak lensing: 
• true source angular position: un-observable  

• un-observable distortion matrix: angular size (d✓, d�)
<latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="C4YRI20/+R36BHwr+fJkz5ROHYI=">AAAB+HicdVDJSgNBEK1xjXFJ1KOXxiBEkDATsp4MePEYwSyQhNDT00ma9Cx01wgx5Eu8eFDEq5/izb/wE+wkCir6oODxXhVV9dxICo22/WatrK6tb2wmtpLbO7t7qfT+QVOHsWK8wUIZqrZLNZci4A0UKHk7Upz6ruQtd3wx91s3XGkRBtc4iXjPp8NADASjaKR+OpX1ujjiSM+8bjQSp/10xs5VS4VqtUgMKZbztjMnZbtSKBEnZy+QOX+HBer99GvXC1ns8wCZpFp3HDvC3pQqFEzyWbIbax5RNqZD3jE0oD7Xveni8Bk5MYpHBqEyFSBZqN8nptTXeuK7ptOnONK/vbn4l9eJcVDpTUUQxcgDtlw0iCXBkMxTIJ5QnKGcGEKZEuZWwkZUUYYmq6QJ4etT8j9p5nOOnXOuCplaaZkGJOAIjiELDpShBpdQhwYwiOEOHuDRurXurSfredm6Yn3OHMIPWC8fDzuUHA==</latexit><latexit sha1_base64="wfEGUi7J/WsyaAhSH0+zx6K5ACw=">AAAB+HicdVDJSgNBEO2JW4xLRj16aQxCBAkzIest4MVjBLNAZgg9PZ2kSc9Cd40QQ77EiwdFvPop3vwbe5IIKvqg4PFeFVX1vFhwBZb1YWQ2Nre2d7K7ub39g8O8eXTcVVEiKevQSESy7xHFBA9ZBzgI1o8lI4EnWM+bXqV+745JxaPwFmYxcwMyDvmIUwJaGpr5ou/AhAG59J14wi+GZsEqNWuVZrOKNanWy5adkrrVqNSwXbKWKKA12kPz3fEjmgQsBCqIUgPbisGdEwmcCrbIOYliMaFTMmYDTUMSMOXOl4cv8LlWfDyKpK4Q8FL9PjEngVKzwNOdAYGJ+u2l4l/eIIFRw53zME6AhXS1aJQIDBFOU8A+l4yCmGlCqOT6VkwnRBIKOqucDuHrU/w/6ZZLtlWybyqFVm0dRxadojNURDaqoxa6Rm3UQRQl6AE9oWfj3ng0XozXVWvGWM+coB8w3j4BdCmS7Q==</latexit>

observables to measuregauge-dependent



• relation to physical length & shape at src: 
• trace back size to src (geodesic deviation) 
• source position: gauge-dependent (still!) 
• rest frame: physical length                         (coord. ind.) 
• physical distortion matrix 

• all lensing observables: gauge-invariant
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Gauge-Invariant Formalism

Yoo, Grimm, Mitsou, Amara, Refregier 2018 JCAP and Grimm & Yoo 2018 JCAP

(dLd✓, dLd�)
<latexit sha1_base64="j5dhXzKEo2+Qtzak8fohV1jXFhA="></latexit><latexit sha1_base64="j5dhXzKEo2+Qtzak8fohV1jXFhA="></latexit><latexit sha1_base64="j5dhXzKEo2+Qtzak8fohV1jXFhA="></latexit><latexit sha1_base64="EbPFEyfhtAvyHu22I+2XD8XiU8o=">AAACA3icdVDJSgNBEO1xjXGLetNLYxAiSJgJWW8BLx48RDALJCH09PQkTXoWumuEMIx48Ve8eFDEqz/hzb+xswgq+qDg9XtVdNWzQ8EVmOaHsbS8srq2ntpIb25t7+xm9vZbKogkZU0aiEB2bKKY4D5rAgfBOqFkxLMFa9vj86nfvmFS8cC/hknI+h4Z+tzllICWBpnDnHM5iJ0ejBiQ5Ox2/gpHPDkdZLJmvlYu1molrEmpUjCtKamY1WIZW3lzhixaoDHIvPecgEYe84EKolTXMkPox0QCp4Il6V6kWEjomAxZV1OfeEz149kNCT7RioPdQOryAc/U7xMx8ZSaeLbu9AiM1G9vKv7ldSNwq/2Y+2EEzKfzj9xIYAjwNBDscMkoiIkmhEqud8V0RCShoGNL6xC+LsX/k1Yhb5l566qYrZcXcaTQETpGOWShCqqjC9RATUTRHXpAT+jZuDcejRfjdd66ZCxmDtAPGG+fRdyX5w==</latexit>

✓
dLd✓

dLd�

◆
⌘ D̄A

✓
D̂11 D̂12

D̂21 D̂22

◆✓
d✓

sin ✓ d�

◆
,

<latexit sha1_base64="5qORrttHArJZjIv/3OVK29wYcX8="></latexit><latexit sha1_base64="5qORrttHArJZjIv/3OVK29wYcX8="></latexit><latexit sha1_base64="5qORrttHArJZjIv/3OVK29wYcX8="></latexit><latexit sha1_base64="z2phqyGMJmTOe+NMybRdhO826vY="></latexit>



• standard model 

• missing velocity 

• missing potential 

• significant 
systematic 
errors 

• power spectrum 
in progress
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Systematic Errors

Biern & Yoo 2017

�Dlens.
L ⌘ std

<latexit sha1_base64="KwFjJzPyeJuXx1eKDV8vIbnwI6A="></latexit><latexit sha1_base64="KwFjJzPyeJuXx1eKDV8vIbnwI6A="></latexit><latexit sha1_base64="KwFjJzPyeJuXx1eKDV8vIbnwI6A="></latexit><latexit sha1_base64="ezPks9zj+NozaBfhtriZ3bjXHq4="></latexit>

�DV
L

<latexit sha1_base64="a/j9zjnnst5/Rj2cgVJ8rL4oQvE=">AAACAXicdVDJSgNBEK2JW4xb1IvgpTEInsJMyHoyoAcPHiKYBTJj6Ol0kiY9C909QhjixV/x4kERr/6FN//CT7AnUVDRBwWP96qoqueGnEllmm9GamFxaXklvZpZW9/Y3Mpu77RkEAlCmyTggei4WFLOfNpUTHHaCQXFnstp2x2fJH77mgrJAv9STULqeHjoswEjWGmpl92z+5QrjGwPqxHBPD6d9s6vWplML5sz87VysVYrIU1KlYJpJaRiVotlZOXNGXLH7zBDo5d9tfsBiTzqK8KxlF3LDJUTY6EY4XSasSNJQ0zGeEi7mvrYo9KJZx9M0aFW+mgQCF2+QjP1+0SMPSknnqs7k0Plby8R//K6kRpUnZj5YaSoT+aLBhFHKkBJHKjPBCWKTzTBRDB9KyIjLDBROrQkhK9P0f+kVchbZt66KObq5XkakIZ9OIAjsKACdTiDBjSBwA3cwQM8GrfGvfFkPM9bU8bnzC78gPHyAVATl40=</latexit><latexit sha1_base64="a/j9zjnnst5/Rj2cgVJ8rL4oQvE=">AAACAXicdVDJSgNBEK2JW4xb1IvgpTEInsJMyHoyoAcPHiKYBTJj6Ol0kiY9C909QhjixV/x4kERr/6FN//CT7AnUVDRBwWP96qoqueGnEllmm9GamFxaXklvZpZW9/Y3Mpu77RkEAlCmyTggei4WFLOfNpUTHHaCQXFnstp2x2fJH77mgrJAv9STULqeHjoswEjWGmpl92z+5QrjGwPqxHBPD6d9s6vWplML5sz87VysVYrIU1KlYJpJaRiVotlZOXNGXLH7zBDo5d9tfsBiTzqK8KxlF3LDJUTY6EY4XSasSNJQ0zGeEi7mvrYo9KJZx9M0aFW+mgQCF2+QjP1+0SMPSknnqs7k0Plby8R//K6kRpUnZj5YaSoT+aLBhFHKkBJHKjPBCWKTzTBRDB9KyIjLDBROrQkhK9P0f+kVchbZt66KObq5XkakIZ9OIAjsKACdTiDBjSBwA3cwQM8GrfGvfFkPM9bU8bnzC78gPHyAVATl40=</latexit><latexit sha1_base64="a/j9zjnnst5/Rj2cgVJ8rL4oQvE=">AAACAXicdVDJSgNBEK2JW4xb1IvgpTEInsJMyHoyoAcPHiKYBTJj6Ol0kiY9C909QhjixV/x4kERr/6FN//CT7AnUVDRBwWP96qoqueGnEllmm9GamFxaXklvZpZW9/Y3Mpu77RkEAlCmyTggei4WFLOfNpUTHHaCQXFnstp2x2fJH77mgrJAv9STULqeHjoswEjWGmpl92z+5QrjGwPqxHBPD6d9s6vWplML5sz87VysVYrIU1KlYJpJaRiVotlZOXNGXLH7zBDo5d9tfsBiTzqK8KxlF3LDJUTY6EY4XSasSNJQ0zGeEi7mvrYo9KJZx9M0aFW+mgQCF2+QjP1+0SMPSknnqs7k0Plby8R//K6kRpUnZj5YaSoT+aLBhFHKkBJHKjPBCWKTzTBRDB9KyIjLDBROrQkhK9P0f+kVchbZt66KObq5XkakIZ9OIAjsKACdTiDBjSBwA3cwQM8GrfGvfFkPM9bU8bnzC78gPHyAVATl40=</latexit><latexit sha1_base64="UiwZsqE3OYT5U3C58Z6wPjvwnzY=">AAACAXicdVDLSsNAFJ34rPEVdSO4GSyCq5CUPncFXbhwUcE+oIlhMpm2QycPZiZCCXXjr7hxoYhb/8Kdf+OkraCiBy4czrmXe+/xE0aFtKwPbWl5ZXVtvbChb25t7+wae/sdEacckzaOWcx7PhKE0Yi0JZWM9BJOUOgz0vXHZ7nfvSVc0Di6lpOEuCEaRnRAMZJK8oxDJyBMIuiESI4wYtn51Lu86ei6ZxQts1EtNxoVqEilVrLsnNSserkKbdOaoQgWaHnGuxPEOA1JJDFDQvRtK5FuhrikmJGp7qSCJAiP0ZD0FY1QSISbzT6YwhOlBHAQc1WRhDP1+0SGQiEmoa8680PFby8X//L6qRzU3YxGSSpJhOeLBimDMoZ5HDCgnGDJJoogzKm6FeIR4ghLFVoewten8H/SKZm2ZdpX5WKzuoijAI7AMTgFNqiBJrgALdAGGNyBB/AEnrV77VF70V7nrUvaYuYA/ID29gm1AZZe</latexit>

�D L
<latexit sha1_base64="d+Jzv7pXHqh7AX5H52GzVvL5Up0="></latexit><latexit sha1_base64="d+Jzv7pXHqh7AX5H52GzVvL5Up0="></latexit><latexit sha1_base64="d+Jzv7pXHqh7AX5H52GzVvL5Up0="></latexit><latexit sha1_base64="57OTc7kyyhXwNz1K1jT2HvDTFEg=">AAACBHicdVDLSsNAFJ34rPEVddnNYBFchaT0uSvowoWLCvYBTQyTybQdOnkwMxFK6MKNv+LGhSJu/Qh3/o2TtoKKHrhwOOde7r3HTxgV0rI+tJXVtfWNzcKWvr2zu7dvHBx2RZxyTDo4ZjHv+0gQRiPSkVQy0k84QaHPSM+fnOV+75ZwQePoWk4T4oZoFNEhxUgqyTOKTkCYRNAJkRxjxLLzmXd547QF1XXPKFlms1ZpNqtQkWq9bNk5qVuNSg3apjVHCSzR9ox3J4hxGpJIYoaEGNhWIt0McUkxIzPdSQVJEJ6gERkoGqGQCDebPzGDJ0oJ4DDmqiIJ5+r3iQyFQkxDX3Xmt4rfXi7+5Q1SOWy4GY2SVJIILxYNUwZlDPNEYEA5wZJNFUGYU3UrxGPEEZYqtzyEr0/h/6RbNm3LtK8qpVZtGUcBFMExOAU2qIMWuABt0AEY3IEH8ASetXvtUXvRXhetK9py5gj8gPb2CREdl64=</latexit>

10�5
<latexit sha1_base64="GjYaJ6FMWVYNHwPhGJx775neHsI=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4MfSErCcDXjxGMAskY+jpdJImPQvdPUIY8hFePCji1e/x5l/4CfZMFFT0QcHjvSqq6rmh4Epj/GZlVlbX1jeym7mt7Z3dvfz+QUcFkaSsTQMRyJ5LFBPcZ23NtWC9UDLiuYJ13dlF4ndvmVQ88K/1PGSORyY+H3NKtJG6Nr6JzyqLYb6Ai41qudGoIEMqtRK2E1LD9XIV2UWconD+Dilaw/zrYBTQyGO+poIo1bdxqJ2YSM2pYIvcIFIsJHRGJqxvqE88ppw4PXeBTowyQuNAmvI1StXvEzHxlJp7run0iJ6q314i/uX1Iz2uOzH3w0gzny4XjSOBdICS39GIS0a1mBtCqOTmVkSnRBKqTUI5E8LXp+h/0ikVbVy0r8qFZnWZBmThCI7hFGyoQRMuoQVtoDCDO3iARyu07q0n63nZmrE+Zw7hB6yXD2oekGA=</latexit><latexit sha1_base64="GjYaJ6FMWVYNHwPhGJx775neHsI=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4MfSErCcDXjxGMAskY+jpdJImPQvdPUIY8hFePCji1e/x5l/4CfZMFFT0QcHjvSqq6rmh4Epj/GZlVlbX1jeym7mt7Z3dvfz+QUcFkaSsTQMRyJ5LFBPcZ23NtWC9UDLiuYJ13dlF4ndvmVQ88K/1PGSORyY+H3NKtJG6Nr6JzyqLYb6Ai41qudGoIEMqtRK2E1LD9XIV2UWconD+Dilaw/zrYBTQyGO+poIo1bdxqJ2YSM2pYIvcIFIsJHRGJqxvqE88ppw4PXeBTowyQuNAmvI1StXvEzHxlJp7run0iJ6q314i/uX1Iz2uOzH3w0gzny4XjSOBdICS39GIS0a1mBtCqOTmVkSnRBKqTUI5E8LXp+h/0ikVbVy0r8qFZnWZBmThCI7hFGyoQRMuoQVtoDCDO3iARyu07q0n63nZmrE+Zw7hB6yXD2oekGA=</latexit><latexit sha1_base64="GjYaJ6FMWVYNHwPhGJx775neHsI=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4MfSErCcDXjxGMAskY+jpdJImPQvdPUIY8hFePCji1e/x5l/4CfZMFFT0QcHjvSqq6rmh4Epj/GZlVlbX1jeym7mt7Z3dvfz+QUcFkaSsTQMRyJ5LFBPcZ23NtWC9UDLiuYJ13dlF4ndvmVQ88K/1PGSORyY+H3NKtJG6Nr6JzyqLYb6Ai41qudGoIEMqtRK2E1LD9XIV2UWconD+Dilaw/zrYBTQyGO+poIo1bdxqJ2YSM2pYIvcIFIsJHRGJqxvqE88ppw4PXeBTowyQuNAmvI1StXvEzHxlJp7run0iJ6q314i/uX1Iz2uOzH3w0gzny4XjSOBdICS39GIS0a1mBtCqOTmVkSnRBKqTUI5E8LXp+h/0ikVbVy0r8qFZnWZBmThCI7hFGyoQRMuoQVtoDCDO3iARyu07q0n63nZmrE+Zw7hB6yXD2oekGA=</latexit><latexit sha1_base64="3KE392wNzvxxNxU97+rbKTGfQY4=">AAAB7nicdVDJSgNBEK1xjXGLevTSGAQvDj0h6y3gxWMEs0Ayhp5OT9KkZ6G7RwhDPsKLB0W8+j3e/Bt7kggq+qDg8V4VVfW8WHClMf6w1tY3Nre2czv53b39g8PC0XFHRYmkrE0jEcmeRxQTPGRtzbVgvVgyEniCdb3pVeZ375lUPApv9SxmbkDGIfc5JdpIXQffpZeV+bBQxHajWm40KsiQSq2EnYzUcL1cRY6NFyjCCq1h4X0wimgSsFBTQZTqOzjWbkqk5lSweX6QKBYTOiVj1jc0JAFTbro4d47OjTJCfiRNhRot1O8TKQmUmgWe6QyInqjfXib+5fUT7dfdlIdxollIl4v8RCAdoex3NOKSUS1mhhAqubkV0QmRhGqTUN6E8PUp+p90SraDbeemXGxWV3Hk4BTO4AIcqEETrqEFbaAwhQd4gmcrth6tF+t12bpmrWZO4Aest0/PDI8x</latexit>
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<latexit sha1_base64="NS1ggbljAT/A0Etv6lqyg606t8U=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4MfSErCcDXjxGMAskY+jpdJImPQvdPUIY8hFePCji1e/x5l/4CfZMFFT0QcHjvSqq6rmh4Epj/GZlVlbX1jeym7mt7Z3dvfz+QUcFkaSsTQMRyJ5LFBPcZ23NtWC9UDLiuYJ13dlF4ndvmVQ88K/1PGSORyY+H3NKtJG6Nr6Jz+qLYb6Ai41qudGoIEMqtRK2E1LD9XIV2UWconD+Dilaw/zrYBTQyGO+poIo1bdxqJ2YSM2pYIvcIFIsJHRGJqxvqE88ppw4PXeBTowyQuNAmvI1StXvEzHxlJp7run0iJ6q314i/uX1Iz2uOzH3w0gzny4XjSOBdICS39GIS0a1mBtCqOTmVkSnRBKqTUI5E8LXp+h/0ikVbVy0r8qFZnWZBmThCI7hFGyoQRMuoQVtoDCDO3iARyu07q0n63nZmrE+Zw7hB6yXD26tkGM=</latexit><latexit sha1_base64="NS1ggbljAT/A0Etv6lqyg606t8U=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4MfSErCcDXjxGMAskY+jpdJImPQvdPUIY8hFePCji1e/x5l/4CfZMFFT0QcHjvSqq6rmh4Epj/GZlVlbX1jeym7mt7Z3dvfz+QUcFkaSsTQMRyJ5LFBPcZ23NtWC9UDLiuYJ13dlF4ndvmVQ88K/1PGSORyY+H3NKtJG6Nr6Jz+qLYb6Ai41qudGoIEMqtRK2E1LD9XIV2UWconD+Dilaw/zrYBTQyGO+poIo1bdxqJ2YSM2pYIvcIFIsJHRGJqxvqE88ppw4PXeBTowyQuNAmvI1StXvEzHxlJp7run0iJ6q314i/uX1Iz2uOzH3w0gzny4XjSOBdICS39GIS0a1mBtCqOTmVkSnRBKqTUI5E8LXp+h/0ikVbVy0r8qFZnWZBmThCI7hFGyoQRMuoQVtoDCDO3iARyu07q0n63nZmrE+Zw7hB6yXD26tkGM=</latexit><latexit sha1_base64="NS1ggbljAT/A0Etv6lqyg606t8U=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4MfSErCcDXjxGMAskY+jpdJImPQvdPUIY8hFePCji1e/x5l/4CfZMFFT0QcHjvSqq6rmh4Epj/GZlVlbX1jeym7mt7Z3dvfz+QUcFkaSsTQMRyJ5LFBPcZ23NtWC9UDLiuYJ13dlF4ndvmVQ88K/1PGSORyY+H3NKtJG6Nr6Jz+qLYb6Ai41qudGoIEMqtRK2E1LD9XIV2UWconD+Dilaw/zrYBTQyGO+poIo1bdxqJ2YSM2pYIvcIFIsJHRGJqxvqE88ppw4PXeBTowyQuNAmvI1StXvEzHxlJp7run0iJ6q314i/uX1Iz2uOzH3w0gzny4XjSOBdICS39GIS0a1mBtCqOTmVkSnRBKqTUI5E8LXp+h/0ikVbVy0r8qFZnWZBmThCI7hFGyoQRMuoQVtoDCDO3iARyu07q0n63nZmrE+Zw7hB6yXD26tkGM=</latexit><latexit sha1_base64="SkJjZy7kRrYC1JnytyN29/xDM58=">AAAB7nicdVDJSgNBEK1xjXGLevTSGAQvDj0h6y3gxWMEs0Ayhp5OT9KkZ6G7RwhDPsKLB0W8+j3e/Bt7kggq+qDg8V4VVfW8WHClMf6w1tY3Nre2czv53b39g8PC0XFHRYmkrE0jEcmeRxQTPGRtzbVgvVgyEniCdb3pVeZ375lUPApv9SxmbkDGIfc5JdpIXQffpZf1+bBQxHajWm40KsiQSq2EnYzUcL1cRY6NFyjCCq1h4X0wimgSsFBTQZTqOzjWbkqk5lSweX6QKBYTOiVj1jc0JAFTbro4d47OjTJCfiRNhRot1O8TKQmUmgWe6QyInqjfXib+5fUT7dfdlIdxollIl4v8RCAdoex3NOKSUS1mhhAqubkV0QmRhGqTUN6E8PUp+p90SraDbeemXGxWV3Hk4BTO4AIcqEETrqEFbaAwhQd4gmcrth6tF+t12bpmrWZO4Aest0/Tm480</latexit>



III. IMPACT OF RELATIVISTIC EFFECTS in COSMOLOGY

Lensing Shear

• standard formalism: 

• gauge dependent due to  
• correct shear in cN gauge w/ scalar only (lucky!) 
• incorrect shear in tensor & IR divergence 

• gauge-invariant formalism: 

• metric shear or FNC term: tensor at source 

• rest frame: observer frame & source frame
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Dodelson et al. 2003,  Schmidt & Jeong 2012
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C↵�
<latexit sha1_base64="KAJiFggnGLBOyiDzWuPSz1Aoh6k=">AAAB+HicdZDJSgNBEIZrXGNcEvXopTEInsJMollOBnLxGMEskIRQ0+kkTXoWunuEOORJvHhQxKuP4s238BHsTBRU9IeGj7+qqOrfDQVX2rbfrJXVtfWNzdRWentndy+T3T9oqSCSlDVpIALZcVExwX3W1FwL1gklQ88VrO1O64t6+4ZJxQP/Ws9C1vdw7PMRp6iNNchm6oO4hyKcYM9lGueDbM7OV6ulYrFIEjh3qksoVMrEyduJchfvkKgxyL72hgGNPOZrKlCprmOHuh+j1JwKNk/3IsVCpFMcs65BHz2m+nFy+JycGGdIRoE0z9ckcb9PxOgpNfNc0+mhnqjftYX5V60b6VGlH3M/jDTz6XLRKBJEB2SRAhlyyagWMwNIJTe3EjpBiVSbrNImhK+fkv+hVcg7hq/OcrXSMg1IwREcwyk4UIYaXEIDmkAhgjt4gEfr1rq3nqznZeuK9TlzCD9kvXwAFt6UyQ==</latexit><latexit sha1_base64="KAJiFggnGLBOyiDzWuPSz1Aoh6k=">AAAB+HicdZDJSgNBEIZrXGNcEvXopTEInsJMollOBnLxGMEskIRQ0+kkTXoWunuEOORJvHhQxKuP4s238BHsTBRU9IeGj7+qqOrfDQVX2rbfrJXVtfWNzdRWentndy+T3T9oqSCSlDVpIALZcVExwX3W1FwL1gklQ88VrO1O64t6+4ZJxQP/Ws9C1vdw7PMRp6iNNchm6oO4hyKcYM9lGueDbM7OV6ulYrFIEjh3qksoVMrEyduJchfvkKgxyL72hgGNPOZrKlCprmOHuh+j1JwKNk/3IsVCpFMcs65BHz2m+nFy+JycGGdIRoE0z9ckcb9PxOgpNfNc0+mhnqjftYX5V60b6VGlH3M/jDTz6XLRKBJEB2SRAhlyyagWMwNIJTe3EjpBiVSbrNImhK+fkv+hVcg7hq/OcrXSMg1IwREcwyk4UIYaXEIDmkAhgjt4gEfr1rq3nqznZeuK9TlzCD9kvXwAFt6UyQ==</latexit><latexit sha1_base64="KAJiFggnGLBOyiDzWuPSz1Aoh6k=">AAAB+HicdZDJSgNBEIZrXGNcEvXopTEInsJMollOBnLxGMEskIRQ0+kkTXoWunuEOORJvHhQxKuP4s238BHsTBRU9IeGj7+qqOrfDQVX2rbfrJXVtfWNzdRWentndy+T3T9oqSCSlDVpIALZcVExwX3W1FwL1gklQ88VrO1O64t6+4ZJxQP/Ws9C1vdw7PMRp6iNNchm6oO4hyKcYM9lGueDbM7OV6ulYrFIEjh3qksoVMrEyduJchfvkKgxyL72hgGNPOZrKlCprmOHuh+j1JwKNk/3IsVCpFMcs65BHz2m+nFy+JycGGdIRoE0z9ckcb9PxOgpNfNc0+mhnqjftYX5V60b6VGlH3M/jDTz6XLRKBJEB2SRAhlyyagWMwNIJTe3EjpBiVSbrNImhK+fkv+hVcg7hq/OcrXSMg1IwREcwyk4UIYaXEIDmkAhgjt4gEfr1rq3nqznZeuK9TlzCD9kvXwAFt6UyQ==</latexit><latexit sha1_base64="UekaNIcAtUO0vfMqgHgpgcNfeQo=">AAAB+HicdZDLSsNAFIYn9VbrpVGXbgaL4KokrfayK3TjsoK9QBPCyXTaDp1cmJkINfRJ3LhQxK2P4s63cZpWUNEfBj7+cw7nzO/HnEllWR9GbmNza3snv1vY2z84LJpHxz0ZJYLQLol4JAY+SMpZSLuKKU4HsaAQ+Jz2/Vl7We/fUSFZFN6qeUzdACYhGzMCSlueWWx7qQM8noLjUwULzyxZ5WazVq1WcQZXdnMFlUYd22UrUwmt1fHMd2cUkSSgoSIcpBzaVqzcFIRihNNFwUkkjYHMYEKHGkMIqHTT7PAFPtfOCI8joV+ocOZ+n0ghkHIe+LozADWVv2tL86/aMFHjhpuyME4UDclq0TjhWEV4mQIeMUGJ4nMNQATTt2IyBQFE6awKOoSvn+L/oVcp25pvLkut2jqOPDpFZ+gC2aiOWugadVAXEZSgB/SEno1749F4MV5XrTljPXOCfsh4+wR7zJOa</latexit>

Yoo, Grimm, Mitsou, Amara, Refregier 2018 JCAP and Grimm & Yoo 2018 JCAP
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III. IMPACT OF RELATIVISTIC EFFECTS in COSMOLOGY

Lensing Shear

• standard formalism: 

• gauge dependent due to  
• correct shear in cN gauge w/ scalar only (lucky!) 
• incorrect shear in tensor & IR divergence 

• gauge-invariant formalism: 

• metric shear or FNC term: tensor at source 

• rest frame: observer frame & source frame
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III. IMPACT OF RELATIVISTIC EFFECTS in COSMOLOGY

Lensing Shear

• standard formalism: 

• gauge dependent due to  
• correct shear in cN gauge w/ scalar only (lucky!) 
• incorrect shear in tensor & IR divergence 

• gauge-invariant formalism: 

• metric shear or FNC term: tensor at source 

• rest frame: observer frame & source frame
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Lensing Shear

• standard formalism: 

• gauge dependent due to  
• correct shear in cN gauge w/ scalar only (lucky!) 
• incorrect shear in tensor & IR divergence 

• gauge-invariant formalism: 

• metric shear or FNC term: tensor at source 

• rest frame: observer frame & source frame

±2� ⌘ �1 ± i�2 = m↵
⌥m

�
⌥�↵�

<latexit sha1_base64="31D013dJz91iLnW05FKGMbtaS4A="></latexit><latexit sha1_base64="31D013dJz91iLnW05FKGMbtaS4A="></latexit><latexit sha1_base64="31D013dJz91iLnW05FKGMbtaS4A="></latexit><latexit sha1_base64="tQWqEGABd8ilBnBT51ZsXpLdPqk="></latexit>

G↵ ! G↵ � L↵
<latexit sha1_base64="q51fiptPW25rD87X7jXnOzqIgvo="></latexit><latexit sha1_base64="q51fiptPW25rD87X7jXnOzqIgvo="></latexit><latexit sha1_base64="q51fiptPW25rD87X7jXnOzqIgvo="></latexit><latexit sha1_base64="3FnuZvS0bi4Im+X8ECkZAfCISRM="></latexit>

Dodelson et al. 2003,  Schmidt & Jeong 2012

scalar:                               tensor:                (SVT decomposition of  metric)↵�, '�
<latexit sha1_base64="TADdpWzhgyamjxYzg0tehOA70zk=">AAACAnicdZDLSgMxFIbPeK31NupK3ASL4ELKjFVrVxbcuFSwttAp5UyaOqGZC0mmUIq68VXcuFDErU/hzrfwEUynCir6Q+DLf84hOb+fCK6047xZE5NT0zOzubn8/MLi0rK9snqh4lRSVqOxiGXDR8UEj1hNcy1YI5EMQ1+wut87HtXrfSYVj6NzPUhYK8TLiHc5RW2str3uoUgCbHs04DvXXh9lEvDs1rYLTrFSOSiVSiSDfbcyht3DMnGLTqbC0TtkOm3br14npmnIIk0FKtV0nUS3hig1p4Jd5b1UsQRpDy9Z02CEIVOtYbbCFdkyTod0Y2lOpEnmfp8YYqjUIPRNZ4g6UL9rI/OvWjPV3cPWkEdJqllExw91U0F0TEZ5kA6XjGoxMIBUcvNXQgOUSLVJLW9C+NqU/A8Xu0XX8NleoXowTgNysAGbsA0ulKEKJ3AKNaBwA3fwAI/WrXVvPVnP49YJ63NmDX7IevkAsPyZCQ==</latexit><latexit sha1_base64="TADdpWzhgyamjxYzg0tehOA70zk=">AAACAnicdZDLSgMxFIbPeK31NupK3ASL4ELKjFVrVxbcuFSwttAp5UyaOqGZC0mmUIq68VXcuFDErU/hzrfwEUynCir6Q+DLf84hOb+fCK6047xZE5NT0zOzubn8/MLi0rK9snqh4lRSVqOxiGXDR8UEj1hNcy1YI5EMQ1+wut87HtXrfSYVj6NzPUhYK8TLiHc5RW2str3uoUgCbHs04DvXXh9lEvDs1rYLTrFSOSiVSiSDfbcyht3DMnGLTqbC0TtkOm3br14npmnIIk0FKtV0nUS3hig1p4Jd5b1UsQRpDy9Z02CEIVOtYbbCFdkyTod0Y2lOpEnmfp8YYqjUIPRNZ4g6UL9rI/OvWjPV3cPWkEdJqllExw91U0F0TEZ5kA6XjGoxMIBUcvNXQgOUSLVJLW9C+NqU/A8Xu0XX8NleoXowTgNysAGbsA0ulKEKJ3AKNaBwA3fwAI/WrXVvPVnP49YJ63NmDX7IevkAsPyZCQ==</latexit><latexit sha1_base64="TADdpWzhgyamjxYzg0tehOA70zk=">AAACAnicdZDLSgMxFIbPeK31NupK3ASL4ELKjFVrVxbcuFSwttAp5UyaOqGZC0mmUIq68VXcuFDErU/hzrfwEUynCir6Q+DLf84hOb+fCK6047xZE5NT0zOzubn8/MLi0rK9snqh4lRSVqOxiGXDR8UEj1hNcy1YI5EMQ1+wut87HtXrfSYVj6NzPUhYK8TLiHc5RW2str3uoUgCbHs04DvXXh9lEvDs1rYLTrFSOSiVSiSDfbcyht3DMnGLTqbC0TtkOm3br14npmnIIk0FKtV0nUS3hig1p4Jd5b1UsQRpDy9Z02CEIVOtYbbCFdkyTod0Y2lOpEnmfp8YYqjUIPRNZ4g6UL9rI/OvWjPV3cPWkEdJqllExw91U0F0TEZ5kA6XjGoxMIBUcvNXQgOUSLVJLW9C+NqU/A8Xu0XX8NleoXowTgNysAGbsA0ulKEKJ3AKNaBwA3fwAI/WrXVvPVnP49YJ63NmDX7IevkAsPyZCQ==</latexit><latexit sha1_base64="+VZJcV+J7aGzHrOtv5LVk3gjzdU=">AAACAnicdZDLSgMxFIYzXmu9jboSN8EiuJAy02ovu4IblxXsBTqlnEnTTmjmQpIplKG68VXcuFDErU/hzrcxnVZQ0R8CX/5zDsn53YgzqSzrw1haXlldW89sZDe3tnd2zb39pgxjQWiDhDwUbRck5SygDcUUp+1IUPBdTlvu6HJWb42pkCwMbtQkol0fhgEbMAJKWz3z0AEeedBziMfObp0xiMhj6a1n5qx8tVoqFos4hQu7OodCpYztvJUqhxaq98x3px+S2KeBIhyk7NhWpLoJCMUIp9OsE0saARnBkHY0BuBT2U3SFab4RDt9PAiFPoHCqft9IgFfyonv6k4flCd/12bmX7VOrAaVbsKCKFY0IPOHBjHHKsSzPHCfCUoUn2gAIpj+KyYeCCBKp5bVIXxtiv+HZiFva74+z9VKizgy6Agdo1NkozKqoStURw1E0B16QE/o2bg3Ho0X43XeumQsZg7QDxlvnxX5l9o=</latexit>

C↵�
<latexit sha1_base64="KAJiFggnGLBOyiDzWuPSz1Aoh6k=">AAAB+HicdZDJSgNBEIZrXGNcEvXopTEInsJMollOBnLxGMEskIRQ0+kkTXoWunuEOORJvHhQxKuP4s238BHsTBRU9IeGj7+qqOrfDQVX2rbfrJXVtfWNzdRWentndy+T3T9oqSCSlDVpIALZcVExwX3W1FwL1gklQ88VrO1O64t6+4ZJxQP/Ws9C1vdw7PMRp6iNNchm6oO4hyKcYM9lGueDbM7OV6ulYrFIEjh3qksoVMrEyduJchfvkKgxyL72hgGNPOZrKlCprmOHuh+j1JwKNk/3IsVCpFMcs65BHz2m+nFy+JycGGdIRoE0z9ckcb9PxOgpNfNc0+mhnqjftYX5V60b6VGlH3M/jDTz6XLRKBJEB2SRAhlyyagWMwNIJTe3EjpBiVSbrNImhK+fkv+hVcg7hq/OcrXSMg1IwREcwyk4UIYaXEIDmkAhgjt4gEfr1rq3nqznZeuK9TlzCD9kvXwAFt6UyQ==</latexit><latexit sha1_base64="KAJiFggnGLBOyiDzWuPSz1Aoh6k=">AAAB+HicdZDJSgNBEIZrXGNcEvXopTEInsJMollOBnLxGMEskIRQ0+kkTXoWunuEOORJvHhQxKuP4s238BHsTBRU9IeGj7+qqOrfDQVX2rbfrJXVtfWNzdRWentndy+T3T9oqSCSlDVpIALZcVExwX3W1FwL1gklQ88VrO1O64t6+4ZJxQP/Ws9C1vdw7PMRp6iNNchm6oO4hyKcYM9lGueDbM7OV6ulYrFIEjh3qksoVMrEyduJchfvkKgxyL72hgGNPOZrKlCprmOHuh+j1JwKNk/3IsVCpFMcs65BHz2m+nFy+JycGGdIRoE0z9ckcb9PxOgpNfNc0+mhnqjftYX5V60b6VGlH3M/jDTz6XLRKBJEB2SRAhlyyagWMwNIJTe3EjpBiVSbrNImhK+fkv+hVcg7hq/OcrXSMg1IwREcwyk4UIYaXEIDmkAhgjt4gEfr1rq3nqznZeuK9TlzCD9kvXwAFt6UyQ==</latexit><latexit sha1_base64="KAJiFggnGLBOyiDzWuPSz1Aoh6k=">AAAB+HicdZDJSgNBEIZrXGNcEvXopTEInsJMollOBnLxGMEskIRQ0+kkTXoWunuEOORJvHhQxKuP4s238BHsTBRU9IeGj7+qqOrfDQVX2rbfrJXVtfWNzdRWentndy+T3T9oqSCSlDVpIALZcVExwX3W1FwL1gklQ88VrO1O64t6+4ZJxQP/Ws9C1vdw7PMRp6iNNchm6oO4hyKcYM9lGueDbM7OV6ulYrFIEjh3qksoVMrEyduJchfvkKgxyL72hgGNPOZrKlCprmOHuh+j1JwKNk/3IsVCpFMcs65BHz2m+nFy+JycGGdIRoE0z9ckcb9PxOgpNfNc0+mhnqjftYX5V60b6VGlH3M/jDTz6XLRKBJEB2SRAhlyyagWMwNIJTe3EjpBiVSbrNImhK+fkv+hVcg7hq/OcrXSMg1IwREcwyk4UIYaXEIDmkAhgjt4gEfr1rq3nqznZeuK9TlzCD9kvXwAFt6UyQ==</latexit><latexit sha1_base64="UekaNIcAtUO0vfMqgHgpgcNfeQo=">AAAB+HicdZDLSsNAFIYn9VbrpVGXbgaL4KokrfayK3TjsoK9QBPCyXTaDp1cmJkINfRJ3LhQxK2P4s63cZpWUNEfBj7+cw7nzO/HnEllWR9GbmNza3snv1vY2z84LJpHxz0ZJYLQLol4JAY+SMpZSLuKKU4HsaAQ+Jz2/Vl7We/fUSFZFN6qeUzdACYhGzMCSlueWWx7qQM8noLjUwULzyxZ5WazVq1WcQZXdnMFlUYd22UrUwmt1fHMd2cUkSSgoSIcpBzaVqzcFIRihNNFwUkkjYHMYEKHGkMIqHTT7PAFPtfOCI8joV+ocOZ+n0ghkHIe+LozADWVv2tL86/aMFHjhpuyME4UDclq0TjhWEV4mQIeMUGJ4nMNQATTt2IyBQFE6awKOoSvn+L/oVcp25pvLkut2jqOPDpFZ+gC2aiOWugadVAXEZSgB/SEno1749F4MV5XrTljPXOCfsh4+wR7zJOa</latexit>

Yoo, Grimm, Mitsou, Amara, Refregier 2018 JCAP and Grimm & Yoo 2018 JCAP

�↵� = � (C↵�)o + G↵,� +

Z r̄z

0
dr̄

✓
@

@x�

◆
2C↵�n

� +

Z r̄z

0
dr̄

✓
r̄z � r̄

r̄z r̄

◆
r̄2

✓
@2

@x↵@x�

◆�
↵� � '� � Ck

��

<latexit sha1_base64="TeL2+WhYqLYbLm3EgT6U6fioD0w="></latexit><latexit sha1_base64="TeL2+WhYqLYbLm3EgT6U6fioD0w="></latexit><latexit sha1_base64="TeL2+WhYqLYbLm3EgT6U6fioD0w="></latexit><latexit sha1_base64="MU+xG4hLBTa45Vui6n+yBuSXEQM="></latexit>

�̂↵� = � (C↵�o + C↵�) +

Z r̄z

0
dr̄

✓
@

@x�

◆
2C↵�n

� +

Z r̄z

0
dr̄

✓
r̄z � r̄

r̄z r̄

◆
r̄2

✓
@2

@x↵@x�

◆�
↵� � '� � Ck

��

<latexit sha1_base64="/8WRtRPnIF+RFN3qy1/TjYdlTl8="></latexit><latexit sha1_base64="/8WRtRPnIF+RFN3qy1/TjYdlTl8="></latexit><latexit sha1_base64="/8WRtRPnIF+RFN3qy1/TjYdlTl8="></latexit><latexit sha1_base64="a3VNMKkijyozj9OU+SB03fMYUVY="></latexit>



• lensed images rotate! 
• gravitational lensing beyond linear order 
• 1st order gravity waves, too! probe of  gravity waves 

• how to measure rotation? 
• orientations should be synchronized 
• parallel transport along null path (the only way!) 
• orientation of  src basis: completely fixed 
• no lensing rotation at all (no GW) at 1st order 
• fictitious rotation against FRW coordinate                      

(Skrotsky effect: artifact)

III. IMPACT OF RELATIVISTIC EFFECTS in COSMOLOGY

To Rotate or Not to Rotate
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• orientation of  radio jets: 
• polarization: central geodesic, parallel transported 
• extended images: geodesic deviation, not PTed 

• intrinsic relation: 
• jet & polarization 

is perpendicular 
in source rest frame 

• infer lensing rotation

III. IMPACT OF RELATIVISTIC EFFECTS in COSMOLOGY

Radio Jets!

Kronberg, Dyer, Burbidge, Junkkarinen 1991 ApJL
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(d) Cosmic Microwave Background

• much of  the work in progress: 
• Boltzmann equation in tetrad formalism 
• use of  background metric (except Bond & Szalay 1983) 
• linear order: ok except monopole and dipole 
• beyond linear order, not ok 

• future applications: 
• CMB lensing (2nd order): not complete 
• CMB spectral distortion 
• and more (stay tuned!) 
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CMB Temperatures    and

•    : cosmological parameter  
• determine background evolution 
• defined in background universe, unique number 
• influence perturbation evolution 

•         : observed CMB temperature (from FIRAS) 
• angle average CMB temperature over all sky 
• uncertainty in           : 

• COBE FIRAS 1996:                                                (0.15%) 
• + WMAP 2009:                                                      (0.021%) 

⟨T⟩obs

T̄

⟨T⟩obs = 2.728 ± 0.004 K
⟨T⟩obs = 2.7255 ± 5.7 ⋅ 10−4 K

⟨T⟩obs

⟨T⟩obsT̄

Yoo, Mitsou, Dirian, Durrer 2019 PRD
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Problems in Standard Practice

• impact of  standard practice: 
• underestimation of  error bars 
• systematic biases in the best-fit parameters 
• not equal due to monopole! 

• underestimation of  error bars: 
• any models have one less degree of  freedom:  
• error bars are always smaller than true error bars 

• systematic biases: 
• bias: in proportion to monopole at our position 
• monopole at our position: unknown

T̄ ≡ ⟨T⟩obs

T̄
σtrue ≳ σstd

pbest
i := ptrue

i + δpi , δpi ≠ 0
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Inflation of Error Bars

• true error bars are larger: 
• depend on uncertainty in            (     will be unknown ) 
• irreducible systematic errors, if  unaccounted for

σtrue ≳ σstd

⟨T⟩obs T̄



IV. MORE WORK & FUTURE DIRECTION: 
In the Next Five Years and the Coming Decade



• standard inflation: (single clock) 
• drive expansion & generate perturbations 

• beyond the standard model:  
• extra degrees-of-freedom leave trace 
• deviation from statistical isotropy 

• inflationary fossils (S,V,T)           
• subtle relativistic effects! 

IV. MORE WORK AND FUTURE DIRECTION
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Inflationary Fossils

h⇣(k1)⇣(k2)hs(k)i = (2⇡)3�D(k1 + k2 + k)Phs(k)fh(k1, k2)✏
s
ij(k)k

i
1k

j
2
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Probe of Dark Energy
• dark energy models: (modified gravity included) 

• evolving spatial fluctuations (relativistic effect) 
• no convincing alternative 
• representative Horndeski theories (no ghost) 
• quantifying relativistic signatures 

• observational strategy: 
• deriving generic observational strategy 
• new probes: relativistic signatures
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What can We Learn?
• relativistic effects: small, but detectable! 

• extra and critical information  
• difficult, but high gain (new opportunities) 

• key role: deviations from standard cosmology 
• higher-order signatures (fossil fields, DE fluct.) 
• not present in Newtonian description 

• complementary role: enigmatic standard cosmology 
• (better) complementary to CMB constraints 
• convincing constraints on dark energy



• future ground-based surveys: 
• Dark Energy Spectroscopic Instrument 
• Large Synoptic Survey Telescope 
• Square Kilometer Array 
• CMB Stage-IV 

• future space missions: 
• Euclid  
• Wide-Field Infrared Survey Telescope  

IV. MORE WORK AND FUTURE DIRECTION

Future Surveys
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• incomplete standard theoretical description of  
cosmological observables 

• gauge dependent & missing relativistic effects 
• no frame specification for physical events and 

observables 
• limited to linear order 

• subtle relativistic effects in precision cosmology 
• a new area of  research 
• test general relativity (or modified gravity) 
• signatures of  inflationary models 
• consistency check & complementary constraints

Executive Summary






