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1. Consider a horizontal square-plate capacitor in
vacuum which is electrically isolated, and contains a
dielectric material with a dielectric constant . The
capacitor is charged with surface charge density +o,.
Assume that the dielectric can slide frictionlessly by

distance : inside the capacitor (Fig. 1).

Fig. 1

(a) Calculate the capacitance and electric potential of
the capacitor as functions of = (¢ permittivity of
vacuum). (8 pts)

(b) Calculate the free charge density (+¢,) and bound
charge density (—o,) in the region containing the
dielectric material as functions of = (right, Fig. 1).
Show also that is the free
charge density in the vacuum region of the capacitor
(left, Fig. 1). (8 pts)

oy—o,=0,, Where o

(¢c) Calculate the force on the dielectric exerted by
the capacitor as a function of «. (8 pts)

(d) The dielectric is attached via a massless string
and a massless pulley to a block of 0.5 kg, and the
block pulls the dielectric from the capacitor as it
falls (Fig. 2). The dielectric was initially at rest, and
the capacitance and potential across the capacitor
measured at the instant when the dielectric leaves
the capacitor are measured 8 pF and 1000 V,
respectively. Calculate the speed of the block at that
moment, assuming that the mass of the dielectric is
negligible, L = 1.0 m, x=4, and g = 10 m/s% (8 pts)

| L=1m |
+oy +a,
—x P k=4
¥ g=10m/s2
Fig. 2

(e) In case of (d), calculate the maximum speed of
the block during the removal of the dielectric from
the capacitor. (8 pts)
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1. Consider a non-relativistic particle with mass m
and spin O in a 1D infinite square potential well given
by

o if z<—L/2

V(x):{o if —L/2<z<L/2.
o if > L/2

Show that the n’th energy level of the particle is
given by
5 - i(ﬂ)
' 2m \ L
and find the ground state wave function. (10 pts)

2. Now assume that the same particle in a 1D finite
square potential well such as
Vo if ¢ <— L/2

V(x):{o if —L/2<z<L/2-

where V5 > 0. Explain qualitatively how the energy
level of the ground state E; changes. (8 pts)

3. For the 1D finite square potential well, the wave
function for the ground state can be written as

Ae®® if x <— L/2
U(zx) = § Beos(kz) if —L/2 <xz<L/2-
Ae*(u If T > L/2

The continuity condition at x=L/2 gives the equation
a = ktan(kL/2). Show that o+ k* = const, and
using this fact, show also that there exists at least

one bound state independent the value of V5 . (7 pts)

4. Now consider a 3D box whose 3 sides are of
equal length L. Using the result of problem 1, show
that the number of possible quantum states with
energy smaller than E is given by
/V(E) - _VQ(Z_T)3/2E:S/2
67\ A
when FE is sufficiently large. Discuss how large E
should be for this result to be valid? Also, compute

v
the density of state ¢(F£) = d/d—(El,?) of this system.
(8 pts)

5. Consider a grand canonical ensemble of the

non-interacting identical bosonic particles, in the 3D
box of problem 4. At temperature 7" and chemical
potential p, the average occupation number {(E) of a
state with energy E is given by

1

(B = ——err—>
Z—leE/kT_l

e/t/k T

where 2z = . Show that the expectation value N

of the particle number is given by

V [2mkT\¥? [ zl/?
2 2 dx 1 z__ 4 °
4r h 0 z e 1

At given 7, show also that the right hand side has a

finite maximum, as a function of z < 1

N =

. Explain
what this fact implies at low enough temperature. In
particular, show that there exists a phase transition,
find the critical temperature 7; and explain what
happens at 7 < 7: . [If you encounter integrals
independent of the parameters of this system, you
may just leave them unevaluated.] (7 pts)
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