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A representing

normalized eigenstates 1, and 1 ; with
eigenvalues +1 and -1, respectively. Another
operator 3 for the observable £ has

(¢, + V3w_)/ V2
(\/3‘L/11 _'1/171)/\/5

and -1.

eigenstates and

with eigenvalues +1

(a) [10 pts] Calculate (4,8 . Express it as a
2X 2 matrix in the basis {¢, ¢ }.

(b) [10 pts] Suppose that a system is in the

state (¢, +¢_,)/ V2. Calculate  the
variances (AA)? =< A?>—< 4> ? and
(AD)?. Do they satisfy the uncertainty
relation?

() [10 pts] Suppose the observable A is
measured at some time. Immediately after
this, the expectation value of 73 is measured
to be 1/2. What was the measured value of
A?

some normalized state

(d) [10 pts] For

v=ay, +by
lal,lbl <1 , find all

with ¢ and b real and
the values of a that

minimize (A/AI)Q. Explain why those values do
so.
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1. Consider a two-level system. An operator
- the observable A  has 2. [10 pts] Consider a simple harmonic

oscillator in one-dimensional space with the

for some mass m and frequency w. Find the

Hamiltonian given by
L2
H=—+

2m 2

2
mw” 7

minimum possible energy of the oscillator,
limited to be non-zero by the uncertainty

relation [z,p] = ik




A&0s Kl’ﬁﬂ}i}r‘ﬁé shy P a5 (o1
Sh®) |2 Aleetyl T 5«
—_— ‘C.
<ZEA1=2 &
3=y QFx} <l st 2018 07. 18 X}|33

3. Consider a charged particle moving on
(x,y)-plane,  subject perpendicular
magnetic field B, = B,6(x)0(d—=z). That is, the

to a

magnetic field is constant in the strip region
of width d, and zero outside. The Hamiltonian

B

of this system is given by H= 5

where A4 is the vector potential.

(@) [10 pts] Choose the gauge so that
A, =A =0 everywhere on (xy)-plane, and
A (z,y)=0 for x<0. Determine A (z.y) for all
X, y. Substitute your answer to the
Hamiltonian
1 L, 07 Lo )

— 2—(”;['“h 0:1;2 +( lh(‘T:{] (,’,Ay) ]
and obtain the explicit form of A.
(b) [20 pts] Consider an electron incident

from z<0, For an incident wave exp(ikz) in

the x direction, and the transmitted wave
Texplikz) in the region z>d. [You can take
the whole wavefunction to be y-independent.]
k is determined by simple kinematics in terms

of k and B)d. What is that relation?

(c) [20 pts] Show that, below a critical energy
E

(

F,, k is imaginary. Compute £, and give a

classical interpretation.

(d) Compute the transmission coefficient 7]
(defined in problem (b) above), in the limit
d—0, B,—c while holding B,d fixed.




gt | ApAAstHIe| P RSy (al)
k) gl eey 3 Q
- :]— —IA] — S :-:"
A=y SAASST 2018 . 07. 18 X|sH
) . ) | h | (&) [10 pts] Discuss the two limiting cases of E and
1. [60 pts] Consider a one-dimensiona armonlctheir implications: when (1) hw < kT and @)

oscillator of mass m, momentum p, displacement =z,
and the classical angular frequency of oscillation w,
immersed in a heat reservoir of absolute temperature
7. The Boltzmann constant is k.

(@) [S pts] What is the total energy of such an
oscillator, expressed in terms of m, p, x, and w?

(b) [5 pts] What is the “equipartition theorem” of
mechanics? Use one or more of

if

classical statistical

the following keywords necessary: independent,

. 1
quadratic, mean, energy, Ek”T'

() [5 pts] Applying the equipartition theorem in
the classical approximation, what is the “mean”
total energy of the oscillator described in (a)?

Now let us turn to guantum mechanics in order to
check the
The energy levels of this harmonic oscillator are given

limits of the classical description above.

by E,=(n + %) hw where n is the quantum number

and A is the reduced Planck constant.

(d) [15 pts] Using a new variable 8 = and the

1
kpT

definition of a partition function for a canonical

distribution, Z(8)= 3] e ’“ , show that the mean
n o= ()

energy of the oscillator is given by
E = hw %+ Mwl . . (Hint: You may need to
e’ —
derive £ = — a(l;;Z and/or use the relationship
L JUE if lwl<1)

1—x

hw> kpT. . For (1), you will want to compare it with

the result found in (c). For (2), you may want to use
the following keyword: zero-point energy.

Now let us consider N, independent

Ny

one-

dimensional harmonic oscillators where is the

Avogadro number.

() [10 pts] Show that the heat capacity of this system
oF

at constant volume, ¢ = (ﬁ) . is given by
v

Shw

(e Fhw __ 1)2 :

N ky(Bhw)?

(@) [10 pts] Discuss the two limiting cases of (). and
their implications: when (1) hw < kz7T and (2)
Fw> kzT. . For (1), you will want to compare it with

the classically derived ) . For (2), explain how your

result is consistent with the third law of

thermodynamics.
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2. [40 pts] Consider a classical ideal gas composed of
N identical massless particles moving with speed of
light ¢ in three-dimensions, which is described by the
following phase space Hamiltonian

N
H(q,p) = Z(;
i1

where ¢, =(q,,, a.,,q.) is the spatial coordinate

Pl i, ol

iy

and p,=(p, . pi, pi.) is the momentum of the i

-th particle.

(@) [10 pts] Find the partition function of the system
at temperature 7, considering that the particles are
indistinguishable. You may want to use the integral

o . I'in+1
/ z"e "“dr= **'(!z—l when a>0 , where
0

n+1
a

I'in+1)=n! if n is an integer.

(b) [10 pts] Show that the Helmholtz free energy A
can be written as
( V/jV)l/:s ‘
Y .
where f(x)=3In(z)+ 1 is a known function, and V

A== NkgTf

is the volume of the system. Find the expression of X
which is often called the “thermal de Broglie
wavelength.” Estimate the temperature at which the
guantum interference between particles becomes
important. You may need to use the Stirling’s formula,
InNV!'= NInN—N, when N is a large number.

(©) [20 pts] Determine the chemical potential u, the
pressure /£, the entropy S, and the specific heat at
constant volume Cy .
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1. [60 pts] In high energy experiments, charged
ions are steered using electric or magnetic fields.
Let us consider the following system. The system
has one dipole magnet which provides a uniform

field
perpendicular configuration. (£, L By). Answer to

and provides electric and magnetic in

the following questions.
Dipole Bw
Magnet | N L. A g
Wien Filter

12C lon, Q=+6e

(@) [15 pts] Charged ions enter into the entrance
of the dipole magnet. The ions are characterized
by their charge @ mass M and speed v Find the
necessary condition for some ions to exit the
dipole magnet through the circular trajectory. The
magnetic field of the magnet is B, and the
radius of the curvature of the trajectory inside the
magnet is p.

(b) [15 pts] Now consider a carbon ion, whose
mass M is 12Ge V/c¢® with charge Q = +6e If the
speed of the carbon ion is v = 0.1¢ what should
be the value of B,p for the dipole in order to
have the carbon ion to pass the dipole? Give a
numerical value in unit of 7m with 1 significant
digit. (1 Gel=10° eV and c is the speed of light.)

magnetic field. Another device is called Wien filter

(© [15 pts] Now the ions coming out of the
dipole magnet enter into the Wien filter, where
they meet field in
Find the

electric and magnetic

perpendicular configuration (&, L By).

condition that the ions exit the Wien filter via
straight line trajectory. The following figure shows
the cross section of the Wien filter seen from its
exit.

Two parallel conducting plates

S
I g N [
B e

'2C ion coming out in straight line

(d) [15 pts] Now the same carbon ion (M
12GeV/¢’, Q = +6e v = 0.1¢ is going straight
through the Wien filter. In the Wien filter, a
voltage difference of 60V is applied between two
parallel

conducting plates separated by 10cm.
What should be the magnetic field to be applied
in perpendicular to the electric field? Give a
numerical value in unit of 7 with 1 significant

digit.




constant ¢, permeability x, and conductivity o.

Assume that there are no external free

charges.

(@) [30 pts] Write down Maxwell's equations
in the absence of external free charges [15
pts] and show that the electric field satisfies
[15 pts]

o2 E

o>

o8

ot

V2E=W + e
(b) [20 pts] Find the expression for the wave
number k=a+i3 of the electromagnetic wave
where o and g are real numbers. [You may
use the result of the problem (a) even if you
have not derived it.]

(c) [20 pts] Find the penetration depth s in
which the amplitude decreases by a factor of
1/e for 1) a good conductor and 2) a poor
conductor, respectively.

(d) [10 pts] Find the skin depth for a metal
which has o=10°(2m) !
range of 1 GHz

in the microwave

(Here assume that e=¢,=8.85x10 "> C?*/Nm?

and p=p, =47 <107 "N/ A2)
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2. [80 pts] Consider a plane wave propagating 3. [60 pts] Consider two memepndurting
in a conducting medium with dielectric icdia * [o=d) oeseribed By o m Tor -4
1.z 1

medium 1 and u, for a medium 2,

respectively. A plane wave in medium 1 is

€2,

incident on medium 2 at an angle 6, The

incident, reflected, and transmitted electric
fields are given by m= gt e,
B B T and B= Byt 7ot
respectively.
\\\ //
. //‘
\\ olo
=\ . L -y
ST 4 \<'~~\7 k,
J
€2, U2 ]
O¢
ke

(@) [20 pts] For the given incident angle o,
find the 6, and the
transmitted angle ¢,. Consider the two cases
that the electric field is 1) perpendicular and

reflected angle

2) parallel to the plane of incidence,
respectively.
(b) [20 pts] Find the condition that the

incident wave is totally reflected.

(©) [20 pts] Finally, assume that an incident
wave in a nonconducting medium is normally
incident on a perfectly conducting medium
(0 =). For a given &, find &, and Z,.
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1. Consider a simple pendulum under the gravity
as in the figure below. The string is massless and
extensionless, and its length is /. The mass of the
pendulum is m, and the gravitational field strength
is g. Suppose that the pendulum has been released

from a small angle ¢.

1) [10 pts] Find the equation of motion and the
period of the pendulum.
When there

2) [15 pts] is the retarding force

2m+/gl ¢, acting opposite to the moving
direction, find the modified equation of motion for
the pendulum and its solution under the retarding

force. Discuss the pendulum motion.

3) [20 pts] Now the system is changed by double
pendulum shown in the figure below (the retarding
force is disappeared). Find the equations of motion
for each mass, m; and m;. Suppose that ¢, and ¢,

are small and the motion is only in the plane.

4) [15 pts] When /; = I, = [ and m; = m; = m,

the equation of motion can be

simplified as
follows:

lél = —29¢, + g¢,

lpy = 290, — 299,

Find the two angular frequencies w,; and w, for

the normal modes of this double pendulum system.
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2. Let us consider a particle of mass m moving
in three-dimensional space. This particle is acted
by

The particle is coming from infinity

by a force
Ulr)=—k/r’.

with an initial velocity V..

on whose potential is given

(a) [10 pts] Let us define the contributions from

the potential energy U(r) and the angular
momentum part to the Hamiltonian collectively as
an effective potential U, (r). What is the

effective potential for the radial motion of the
particle when its angular momentum is L? Express
the momentum £  with the

angular impact

parameter b.

(b) [15 pts] Depending on its initial condition, the
of the

motions: 1) it approaches to a minimum distance

particle undergoes one following two

r.. >0 and then goes away back to the infinite

min
distance, or 2) it collides with the center (r=0)
of the potential. Let us consider the second case
of 2). What

b

is the maximum impact parameter

max for the particle to fall to the force center at

r=09? Write down the total cross section for this

falling-in process.

(¢c) [15 pts] Show that the particle moves in a

vl

logarithmic spiral orbit given by r=r4e for

b < b,.., where 6 is the azimuthal angle of the
particle’s position vector in the plane normal to its
angular momentum vector. Express « in terms of

L, m, and k.




