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ABSTRACT

We introduce a GPU-accelerated hybrid hydro/N-body code (Enzo-N) designed to address the chal-
lenges of concurrently simulating star clusters and their parent galaxies. This task has been exceedingly
challenging, primarily due to the considerable computational time required, which stems from the sub-
stantial scale difference between galaxies (~ 0.1Mpc) and star clusters (~ pc). Yet, this significant scale
separation means that particles within star clusters perceive those outside the star cluster in a semi-
stationary state. By leveraging this aspect, we integrate the direct N-body code (Nbody6++GPU) into
the cosmological (magneto-)hydrodynamic code (Enzo) through the utilization of the semi-stationary
background acceleration approximation. We solve the dynamics of particles within star clusters us-
ing the direct N-body solver with regularization for few-body interactions, while evolving particles
outside——dark matter, gas, and stars—using the particle-mesh gravity solver and hydrodynamic
methods. We demonstrate that Enzo-N successfully simulates the co-evolution of star clusters and
their parent galaxies, capturing phenomena such as core collapse of the star cluster and tidal strip-
ping due to galactic tides. This comprehensive framework opens up new possibilities for studying the

evolution of star clusters within galaxies, offering insights that were previously inaccessible.

Keywords: methods: numerical, galaxy: formation, galaxy: evolution, galaxies: star clusters

1. INTRODUCTION

The realm of cosmological hydrodynamic simulations
has marked significant progress in enhancing our com-
prehension of the large-scale structure and galaxy forma-
tion. On cosmological scales, dark matter-only simula-
tions have effectively captured the evolution of the large-
scale structure (Springel 2005; Klypin et al. 2011). Fur-
thermore, full-physics simulations, incorporating various
models for astrophysical phenomena ranging from star
formation to AGN feedback, have yielded realistic cos-
mic galaxy populations (Genel et al. 2014; Nelson et al.
2018; Springel et al. 2018; Ni et al. 2022). Zoom-in sim-
ulations have also contributed by focusing on the evo-
lution of galaxies within the cosmological context (Hop-
kins & Quataert 2010; Kim et al. 2019). Moreover, they
have delved into specific areas such as the formation of
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the first stars (Abel et al. 2002; Yoshida et al. 2006)
and the formation of massive black holes in the early
universe (Regan et al. 2017). In spite of the adaptabil-
ity and versatility of cosmological simulations, offering
variable resolutions and targeting diverse astrophysical
phenomena, none have successfully resolved the evolu-
tion of star clusters.

A star cluster is a complex dynamical system compris-
ing approximately a million star particles, involving in-
tricate dynamical and astrophysical phenomena, includ-
ing binaries and stellar evolution (Portegies Zwart et al.
2010). The holy grail of star cluster simulation has been
to perform a self-consistent collisional N-body calcula-
tion for more than a million star particles over several
billion years. The advent of direct N-body simulations
has succeeded in capturing the dynamical evolution of
star clusters (Heggie 1975; Aarseth 1999; Makino et al.
1997; Wang et al. 2015, 2016). Moreover, star cluster
simulations have progressed to comprehensively address
not only the dynamic evolution of star clusters (McMil-
lan et al. 1990; Heggie et al. 2006; Hurley & Shara 2012)
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but also a diverse range of astrophysical phenomena.
This includes, but is not limited to, stellar evolution
(Portegies Zwart et al. 2001; Hurley et al. 2001; Hut
et al. 2003; Sippel et al. 2012; Kamlah et al. 2022a,b;
Banerjee et al. 2020), X-ray binaries (Mapelli et al. 2013;
Spera et al. 2015; Ryu et al. 2016), and the formation
and evolution of intermediate-mass black holes (Porte-
gies Zwart & McMillan 2002; Portegies Zwart et al. 2004;
Baumgardt et al. 2004; Arca Sedda et al. 2023).
Although there have been great e orts on both fronts,
achieving a self-consistent full physics simulation for star

clusters on a galactic scale or larger has been challeng-
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ing. Nonetheless, there have been endeavors to integrate 1z

hydrodynamic engines into direct N-body simulations,
and vice versa. Fujii et al. (2007) introduces a hybrid
direct-tree N-body code calledBRIDGE , aiming to si-
multaneously resolve both star clusters and their parent
galaxies. It employs two di erent time-stepping schemes
for the internal motion of star clusters and all other mo-
tions, respectively. The internal motion of star clusters,
which generally requires higher precision, is solved by
the direct Hermite integrator, while other motions are
calculated with a second-order Leapfrog integrator.

Despite its sophisticated implementation, BRIDGE
lacks hydrodynamics. On the other hand, MUSE and
its successotAMUSE seamlessly link between di erent
physical modules, including various hydrodynamic en-
gines and gravity solvers (Portegies Zwart et al. 2009;
Pelupessy et al. 2013). Speci cally, AMUSE encom-
passes a wide range of physical modules in di erent do-
mains such as ph4 (Hermite N-body), Twobody (Kepler
solver), MI6 (Hermite with Post-Newtonian), MESA
(Stellar evolution), Gadget-2 (TreeSPH), and more. An-
other hybrid hydro/N-body code presented in Hubber
et al. (2013) combines the smoothed particle hydrody-
namics (SPH) and the N-body method in order to model
the collisional star cluster in a live gas background. The
SPH gas patrticles are integrated with the second order
Leapfrog integrator, whereas the stars are integrated
with the fourth order Hermite time integrator. More
recently, the ASURA project is equipped with the SPH
solver, ASURA, within the BRIDGE scheme (Fujii et al.
2021). For the direct integration, it employs a tree direct
N-body code,PeTar (Wang et al. 2020).

The advent of the hybrid codes enables the study of
star clusters in various astrophysical environments in a
more self-consistent way. For instance, Rieder et al.
(2013) performs a dark-matter-only simulation for the
cosmological box of (2h *Mpc)3, and by replacing 30
dark matter particles with star clusters of 32000 parti-
cles, investigates the cosmological evolution of star clus-
ters in the presence of cosmological tidal elds using the
AMUSE framework without hydrodynamics. The for-
mation and evolution of massive objects, considered as
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potential seeds for supermassive black holes, have beeniu

investigated through processes involving gas accretion
and particle-particle collisions within a dense cluster

175

with a mass of approximately 10*M over  10°

Myr (Boekholt et al. 2018; Reinoso et al. 2023). Wall
et al. (2019) has performed hybrid simulations, com-
prising magneto-hydrodynamics, collisional gravity, and
star formation and evolution, to study the formation of

star clusters in turbulent gas clouds of 1§ 10°M up

to 20 Myr.

Nevertheless, these studies face limitations in terms
of system size, the breadth of physics considered, and
the duration of evolution. This is primarily attributed
to the strong coupling between physical modules, par-
ticularly between hydrodynamics and collisional grav-
ity solvers. In order to tackle this issue, we adopt a
weak coupling between the “hydro' and “nbody' parts.
Here, the "nbody' part encompasses the direct N-body
solver and the regularization, while the “hydro' part
includes collisionless gravity, (magneto)hydrodynamics,
cosmology, and sub-resolution models. OuiEnzo-N is
a novel hybrid framework designed to facilitate robust
self-consistent simulations of star clusters within their
parent galaxies. This is achieved by seamlessly inte-
grating the direct N-body code (Nbody6++GBuUnto the
(magneto-)hydrodynamic code Enzo. Nbody6++GPU
is purpose-built for simulating star clusters, utilizing
a direct N-body approach, fourth-order Hermite inte-
grator, and regularizations for few-body interactions
(Wang et al. 2015). On the other hand, Enzo is a
versatile tool addressing a broad spectrum of astro-
physical problems, incorporating various physics engines
such as (magneto-)hydrodynamics, PM gravity solver,
gas chemistry, radiative cooling, cosmological expansion,
and sub-resolution models for star formation and feed-
back (Bryan et al. 2014).

The hydro' and nbody' parts are connected through
a weak coupling facilitated by the background accelera-
tion, which acts as a messenger enabling communication
between particles undergoing direct N-body calculations
and those that do not. The background acceleration is
computed from dark matter, gas, and stars{|entities
not subject to direct N-body interactions|{on the hy-
dro' part and transmitted to the “nbody' part. Sub-
sequently, the nbody' part utilizes this semi-stationary
background acceleration as the tidal eld, which is up-
dated every hydro time steps. The exploitation of back-
ground acceleration is justi ed by the considerable dif-
ference in the dynamical time scales of star clusters
and galaxies, approximately 1Myr and 100 Myr, re-
spectively. This discrepancy results in the tidal elds
of the galaxy appearing semi-stationary to the parti-
cles within star clusters. Leveraging this, our goal in
Enzo-Nis to simulate the evolution of star clusters atop a
semi-stationary background potential from their parent
galaxy or cosmological tidal elds for more than 100 Myr
(up to the Hubble time). Throughout this process, we
aim to preserve the physical integrity of the star clusters
using the direct N-body solver.
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This paper is structured as follows: In Sec. 2, we pro-
vide a comprehensive description of the detailed imple-
mentation of Enzo-N In Sec. 3, we examine the e cacy
of the direct N-body calculations in Enzo-N by compar-
ing it to Nbody6++GRUAdditionally, we highlight the
improved performance ofEnzo-N compared to Enzg In
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Sec. 4, we assess the robustness of background accelers:

ation, comparing it to the analytic solution and Enzo
In Sec. 5, we explore the scienti ¢ potential of Enzo-N
by simulating star clusters within their parent galaxies;
Finally, we summarize our results in Sec. 6.

2. NUMERICAL METHOD

In this section, we introduce Enzo-N a cutting-edge
hybrid code that integrates a direct N-body simula-
tion into a cosmological (magneto-)hydrodynamic code.
Through this integration, we expand the capabilities of
Nbody6++GRldesigned for simulating collisional interac-
tions within a single or a few star clusters, to encompass
galactic or cosmological scales. Our pipeline comprises
two main components: the “hydro' part and the “nbody'
part. The hydro part, based on Enzo, handles cos-
mology, (magneto-)hydrodynamics, collisionless gravity,
and sub-resolution physics such as radiative cooling, star
formation, and black hole accretion. On the other hand,
the nbody part is dedicated to modeling collisional grav-
ity through the direct sum method. The primary role
of EnzoN is to serve as the bridge connecting the hy-
dro part and the nbody part. The interaction between
these two components is facilitated by the use of the
\background acceleration”, which is calculated within
the hydro part using the PM solver and incorporates
contributions from dark matter, gas, and stars within
the galaxy, excluding those in star clusters.

Fig. 1 depicts the overview of Enzo-N The physi-
cal entities of Enzo-N are categorized into two dier-
ent parts: 1. softened particles subject to particle mesh
(PM) gravity solver ( Enzo Particles), 2. point mass par-
ticles subject to direct sum gravity solver that accounts
for the particle-particle interaction ( N-body Particles)
and gas on the grids subject to hydrodynamic and PM
solvers (Gas). In the initial phase of the hydro part, we
compute both the full acceleration and the background
acceleration. In the subsequent step, the background
acceleration is transmitted to the nbody part, where
the dynamics of the N-body Particlesis calculated using
the direct sum method and regularization in addition to
the background acceleration (refer to Sec. 2.2). Con-
currently, the hydrodynamics and subgrid physics are
solved within the hydro part in parallel.

2.1. Gravito-hydrodynamic code: Enzo

Enzostands as a versatile gravito-hydrodynamic com-
putational tool crafted to address a wide spectrum of
astrophysical inquiries (Bryan et al. 2014). Its use ex-
tends to the realms of large-scale structure formation,
galaxy evolution, and the evolution of black holes. It
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3

boasts a rich suite of baryon physics modules encom-
passing stellar processes, radiative cooling, and black
hole accretion. Enzds hydrodynamic engine relies on
an Eulerian scheme on top of block-structured adaptive
mesh re nement, including four di erent numerical hy-
drodynamic methods: the hydrodynamic-only piecewise
parabolic method (Colella & Woodward 1984; Bryan
et al. 1995), the MUSCL-like Godunov scheme (van Leer
1977; Wang et al. 2008; Wang & Abel 2009), a con-
strained transport (CT) staggered MHD scheme (Collins
et al. 2010), and the second-order nite di erence hydro-
dynamics method (Stone & Norman 1992a,b). Concur-
rently, gravity is addressed through the implementation
of the Particle Mesh solver (PM solver), along with the
mesh structure. The collisionless particles governed by
the PM solver are advanced through a single timestep
using a drift-kick-drift algorithm (Hockney & Eastwood
1988). This ensures second-order accuracy even in the
presence of varying time-steps due to dynamical grid
structures of adaptive re nement.

2.1.1. Time-stepping in Enzo

Enzoadaptively integrates the equations, owing to the
adaptive mesh-grid structure, not only in space but also
in time. The time step is determined on a level-by-level
basis, ensuring the selection of the largest timestep that
satis es various criteria for dierent physical compo-
nents. These criteria encompass hydrodynamics, accel-
eration, particle velocity, radiation pressure, heat con-
duction, and the expansion of the universe (refer to Sec.
9 in Bryan et al. (2014) for details). For instance, the
time step for hydrodynamics is given as

0 | 1
X eriwi
thydro = min @ hydro X A (D)
a x
Xy;Z L
where ¢, 8, X, and are, respectively, the sound

speed, cosmic scale factor, cell size, and a dimensionless
constant for ensuring that the Courant{Freidrichs{Levy
condition is always met. Here, min( ). nds the min-
imum value for all cells or particles on a given level L.
In this work, we adopt hyao Of 0.3 (typically set to
0:3 0:5). In the case of acceleration, the time step is
determined by

s |

tacc = Min E L (2)
The combination of the time step and drift-kick-drift
algorithm ensures second-order accuracy for gravity

(Hockney & Eastwood 1988).

2.2. Direct N-body code: Nbody6++GPU

We present here descriptions of algorithms used in
Nbody6++GP(Wang et al. 2015). Most methods imple-
mented in Nbody6++GPHre retained in Enzo-N except
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Figure 1.

Overview of Enzo-N \Enzo Particles" encompasses entities such as dark matter, black holes, and stars, which do

not play a direct role in the dynamics of star clusters. On the other hand, \N-body Particles" refers to particles, including stars
and black holes, that are directly linked to the dynamics and evolution of star clusters.

for methods that needs to commensurate with Enzg,
such as time steps.

2.2.1. Hermite integration with individual time steps

Nbody6++GPUs a direct N-body code based on
a fourth-order Hermite integration method (Makino
1991). This method utilizes the lower order derivatives
to obtain approximate values for higher order derivatives
of each particle. Block time steps are assigned to each
particle so that the quantized time step for each parti-
cle is smaller than the time step criteria. The criteria of
time steps for the particles are given by

S

ja®jja@j + ja®j2_
ja®jja®] + ja@j2’

®3)

where t is the criteria for time step and a(™ is the n-th
derivative of acceleration (Merritt 2006). The steps are
quantized in powers of 1/2, where the unit for time step
is Henon units (Heggie & Mathieu 1986). The time-
stepping is independently managed within the 'hydro'
and 'nbody' parts. Communication is initiated when
N twody >  thyaro fOr an arbitrary number of time
steps n, where tnyogy iS the block time step of the
‘nbody' part, and  thyaro is the nest time step of the
‘hydro' part. During communication, the velocities and
positions of N-body particles are transmitted to the 'hy-
dro’ part, and the background acceleration is sent to the
'nbody' part. However, in case of a mismatch between
the time steps of the 'nbody' and 'hydro' parts, the po-
sitions and velocities of particles within the 'nbody’ part
are extrapolated to match the time step of the 'hydro’
part. The calculation in the "nbody' part resumes from
the extrapolated time in blocks with quantized values
of Henon units. The time steps used for extrapolation
are set to be equal or smaller than the time step given
by Eg. 3. Furthermore, the time steps of the "nbody"
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part retain their consistency regardless of communica-
tion with the “hydro' part, ensuring that the physics re-
mains una ected. The detailed correspondence between
Nbody6++GPand Enzo-Nin terms of physical results is
discussed in Sec. 3.

2.2.2. Ahmad-Cohen neighbor scheme

Direct calculation of particles up to fourth-order is
computationally expensive, soNbody6++GPEmploys a
neighbor scheme described by (Ahmad & Cohen 1973).
In this scheme, the total force on a particle is di-
vided into short-range (irregular) and long-range (egu-
lar) components. The irregular force is calculated from
neighbor particles within a certain radius of the target
particle. All the other particles are considered as con-
tributors for regular force. The irregular force is up-
dated at shorter intervals than the regular force. Dur-
ing irregular time steps, the regular force is estimated up
to rst-order using the derivatives calculated at regular
time steps. In Enzo-N an additional force component
from Enzo must be considered as well. Since the uc-
tuation of the background force from Enzois expected
to be less intensive thanNbody6++GRUWhe background
force component is added to the regular force compo-
nents when calculating.

2.2.3. Regularization of close encounters

Accurate modeling of close encounters is crucial for
the correct evolution of star clusters; however, han-
dling close encounters using the Hermite scheme is both
time-consuming and inaccurate. Therefore, algorithms
of (Kustaanheimo et al. 1965) and (Mikkola & Aarseth
1993) are adopted inNbody6++GRWParticles in binary
or triple systems are taken out and replaced by their cen-
ter of mass in the main integration code. The relative
positions of members are calculated using regularization
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algorithms, while the center of mass is updated by the
Hermite scheme.

2.3. Center of Mass Frame

Simulating star clusters on a larger scale poses a chal-
lenge due to the hindrance caused by the peculiar or bulk
motion of the star clusters, which signi cantly hampers
computational speed. As discussed in Sec. 2.2.1, the
time-stepping in the “nbody' part is determined as a
function of acceleration and its derivatives. While the
velocity dispersion of a star cluster is on the order of
10 km/s, that of a Milky-Way mased galaxy is on the
order of 1 km/s, indicating the relative magnitudes
of self-gravity. In the case of a star cluster situated in
the spiral arms, the gravitational force exerted on the
center of mass of the star cluster signi cantly surpasses
its self-gravity. This may lead to issues, primarily
regarding time steps. In Eq. 3, we use accelera-
tion and its derivatives to determine time steps
for each particle. However, our current setup
cannot obtain higher-order derivatives for tidal
accelerations from the background, potentially
resulting in unphysical time steps. This problem
exacerbates when tidal accelerations that a ect
the motion of the center of mass dominate the ac-
celerations of particles processed in the 'nbody'
part. To mitigate this issue, we routinely update the
positions, velocities, and background acceleration of the
N-body particles in the center of mass frame within the
'nbody' part, while analytically solving for the bulk mo-
tion. This results in only non-bulk tidal gravity
remaining, which is generally much weaker than
the self-gravity of star clusters.
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3. ISOLATED STAR CLUSTER

In this section, we conduct a series of tests us- _
ing various idealized clusters to evaluate the robust-
ness and e ciency of the collisional gravity solver in-
tegrated into Enzo-N by comparing it against the per-
formance of Nbody6++GPlnd Enza All the initial con-
ditions needed forNbody6++GPHre generated based on
the code Mcluster (Kupper et al. 2011). Options for
Nbody6++GPUsing a tidal eld, stellar evolution, and
removal of escapers are suppressed so that fair compari-
son between the two simulations can be made. The star
cluster generated has a total mass of f0M and a half- -
mass radius of 2 pc and is composed of 1000 particles -
with equal mass. The positions and velocities of the
stars follow a homogeneous Plummer pro le de ned as
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386
where a = 1:533pc and My = 10°M . Two types of
models were generated using the conditions above, one sss

without primordial binaries and one with 500 primordial

387

389

Figure 2. Lagrangian Radius evolution of clusters with
Plummer pro le simulated in Nbody6++GP{black solid) and
Enzo-N (red dashed. The shaded greyregions indicate the 1

and 2 values of 8 Nbody6++GPWimulations. From bot-
tom to top, radius enclosing 10%, 30%, 50%, 70% mass of the
cluster is shown. The horizontal line ( black dashed indicate
the estimated core collapse time for the simulated cluster.
The radius evolution of Nbody6++GPlnd Enzo-Nagrees well
with each other.

binaries. The primordial binaries follow period and ec-
centricity distributions given from (Kroupa 1995). We
employ the star cluster without any primordial binaries
throughout the paper unless otherwise noted. Lastly,
we set the spatial resolution of Enzo-N to be notably
low ( kpc) throughout this section as we do not use
the 'hydro' part.

3.1. Enzo-N versus Nbody6++

To test the robustness of Enzo-N at simulating
star clusters, we rst compare the results of a long
term evolution of the Plummer model of Enzo-N with
Nbody6++GRUrhe total simulation time is set to 100
Myr, enough to exceed the expected core collapse times
for the clusters used. We perform eight independent
shadow simulations for both Enzo-N and Nbody6++GPU
using initial conditions generated from di erent random

7 seeds, while having the identical star cluster pro le. The

results shown are means and standard deviations ob-

» tained from the eight shadow simulations. The distance
o between the star particle and its 6th nearest neighbor is

used as the density estimator for calculating the density
center (refer to equation 11.3 and V.3 provided in Caser-
tano & Hut (1985)). The Lagrangian radii are then cal-
culated based on the distance of stars from the cluster's
density center.

The evolution of Lagrangian radii corresponding to
10%, 30%, 50%, 70% of the total mass (fronbottom to
top) in Plummer model for Nbody6++GP(black solid
and Enzo-N (red dashedl is presented in Fig. 2. The two
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Figure 3. Histogram of semi-major axis (top) and eccen-
tricity ( bottom) of binaries in the star cluster. The grey
shadedregion represents the initial distribution of binaries,
whereas the lines represents distribution of binary properties
in Nbody6++GPl(black solid and Enzo-N (red dashed after
100 Myr. Overall, the two distributions closely align with
each other.

results exhibit strong agreement, indicating that Enzo-N
can successfully model the evolution of star clusters.
Moreover, the core collapse occurs at 60 Myr, which
is in accordance with the estimated core collapse time of

15t (Spitzer & Shull 1975). ty, is the half-mass re-
laxation time given by t,, = (0:138=In )( Nr2=Gm)=2,
where ry, is the half-mass radius and is the Coulomb
logarithm (Spitzer 1988).

In order to validate whether Enzo-Nis able to resolve
sub-resolution physics such as the evolution of bina-
ries, we performed additional tests using the Plummer
star cluster with 500 primordial binaries. Fig. 3 shows
the initial ( grey shadedl and nal distribution of binary
properties for Nbody6++GPWblack solig and Enzo-N
(red dashed. Similar to the results of Lagrangian radii,
the histogram of two simulations exhibit good corre-
spondence even after 100 Myr. We therefore conrm
the ability of Enzo-N to resolve physical problems at
multiple scales, ranging from scales of star clusters (ap-
proximately pc) to binaries (approximately au).

3.2. Enzo-N versus Original Enzo

We also compare the evolution of the isolated Plum-
mer model clusters inEnzo-Nand Enzo(blue dotted. In
the simulations performed with Enzo-N the dimensions
of the root grid are 64°, and there are four static levels
of re nement, leading to a cell size of 1.2 kpc for the
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Figure 4. Lagrangian Radius evolution of clusters with
Plummer pro le simulated in Enzo-N (red dashed and Enzo
(blue dotted. The shaded redregions indicate the 1 and 2

values of 8 Enzo-Nsimulations. From bottom to top, radius
enclosing 10%, 30%, 50%, 70% mass of the cluster is shown.
There is no signi cant evolution of radius with respect to
time in Enzo simulations.

nest resolution. The stellar particles are assigned to
N-body particles, and thus calculated separately when
calculating their evolution. For simulations with Enzq

there are nine static levels of re nement, and the parti-

cles are dynamically re ned up to 16 level, leading to a
resolution of 0.31 pc for stellar particles.

Fig. 4 shows the evolution of Lagrangian radius for
Enzo-N (red dashed and Enzo (blue dotted. Clearly,
the change of the Lagrangian radii in the two simula-
tions show a signi cant di erence. The cluster of Enzo
retains a condition similar to its initial conditions, and
does not show characteristics expected for isolated star
clusters such as the core collapse. Failure dEnzo to
reproduce the evolutionary behaviours of clusters even
at high resolution can be attributed to the fact that
consideration of few-body encounters are crucial for the
analysis of the star cluster evolution (Spitzer 1988). Hy-
drodynamics simulations like Enzo treats particles in a
single cell as a group, and thus is an inappropriate tool
for capturing such e ects. Moreover, the computational
time required for Enzois more than tenfold greater com-
pared to Enzo-N

4. ORBITING ISOLATED STAR CLUSTER
AROUND MASSIVE POINT PARTICLE

In this section, we focus on examining the stability
and reliability of the background gravity implemented in
Enzo-N, which in uences the N-body particles on top of
the direct N-body calculations. The background grav-
ity is computed based on the contributions from dark
matter, stars, and gas, and exerts an in uence on the
N-body particles within the star clusters. This is the sin-
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Figure 5.  Background acceleration on the test particles as
a function of the distance to the massive particle in Enzo-N
of which radial component and tangential component are

plotted in a black dashedline and purple dots, respectively.
The analytic solution is given in ( red solid). The massive
particle of 108 M s situated at the center of the simulation,

with test particles of 10 2 M evenly distributed around

it. The resolution limit at which the PM gravity solver's

e ectiveness diminishes corresponds to twice the size of the
nest cells ( blue dotted).

gle most important component that links between Enzo
and Nbody6++GPWote that the hydrodynamic solver
in Enzo-Nand Enzois not included throughout this sec-
tion.

4.1. Comparison to Analytic Solution

We rst compute the background acceleration of
nearly massless particles in a gravitational eld gener-
ated by a massive point particle. The dimensions of the
root grid are 64°, and there are nine static levels of re-
nement, which leads to the nest spatial resolution of
20 pc. We place a massive point particle of 1M  at the
center, while test particles of 10 '2M are distributed
uniformly around the central particle. The test particles
are assigned the N-body particle type for gravity calcu-
lations, whereas the central particle is set to be dark
matter. We then extract the background acceleration
acting on the test particles.

Fig. 5 shows the radial (black dashejland tangential
(purple dotg components of the background acceleration
on the test particles as a function of the distance to the
central massive particle. The radial background acceler-
ation computed in Enzo-N (black dashejlis completely
on top of the analytic result (red solid) Frag / 1 2 ex-
cept for the extremes of radius. The lower end is due to
the resolution limit which is indicated by the blue dot-
ted line, and the higher end is because of periodicity of
the simulation box. Although the tangential component
should be zero in principle, the relative error is generally

3

b

bl

IS
b

Figure 6. Trajectory of the center of mass (COM) of the
star cluster of 10°M  orbiting around a massive point par-
ticle of 108 M  (black star). The trajectories of Enzo-N red
cross and the analytic solution ( black dashed circl§ closely
align with each other, exhibiting minimal deviation. For a

comprehensive analysis of this error, please refer to Fig. 7.

Figure 7. Radial and angular traces of the star cluster
of Enzo-N (red dashed and high resolution (0.08 pc) Enzo
(blue dotted) in comparison to the analytical solution ( black
solid). The relative errors of the radial traces averaged over
100 Myr are 1:32% and 891% for Enzo-Nand "high-res' Enzg,
respectively.

less than 10 2 (refer to Fig. 10 in Bryan et al. (2014) for
comparison). Overall, we conclude that implementation
of the background acceleration is robust.

4.2. Star Cluster Orbiting around Massive Particle
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We now shift our focus to the interaction between the
background acceleration and the direct N-body solver.
We put a star cluster of 1P M  with 1000 equal-mass
particles on a circular orbit around a massive point par-
ticle of 108 M . The radius and period of the orbit are
200pc and 266 Myr, respetively. We have adopted a
re nement scheme that uniformly re nes a (1:2kpc)®
box that encompasses the entire orbits completely, with
a cell size of 20pc. We have run the simulations for
100 Myr, which corresponds to  3:8 revolutions.

Shown in Fig. 6 are the trajectories of the theoretical
prediction (black solid and the center of mass of the star
cluster (red dashed orbiting around the massive point
particle (star shapg. The trajectory followed by the star
cluster closely aligns with the theoretical orbit, although
some deviations become particularly noticeable in the
upper-left section of the orbit. A discussion of the error
is presented in Fig. 7. Exhibited asblack dotsare the
star cluster particles located within a 20 pc radius at
two dierent time points, at 0 Myr and 100 Myr. At
100 Myr, a fraction of the particles becomes dispersed
randomly throughout the simulation as a consequence
of tidal stripping, as discussed in Fig. 8 and at the
end of this section. Nonetheless, the overall structure
of the star cluster seemingly remains intact and has not
su ered destruction.

We further scrutinize the reliability of this result by
comparing it to the high resolution original Enzo run.
We set up an identical orbit simulation in Enzg but
with an intensive re nement scheme that uniformly re-
nes a (1:2kpc)® box with a cell size of Q08 pc, which is
28 times ner than the Enzo-Nrun. Fig. 7 illustrates the
radial (top) and angular (bottom) positions of the star
cluster in Enzo-N (red dashedl and Enzo (blue dotted
over time. The orbital radius of Enzo deviates notably
from the ideal trajectory ( black solid, exhibiting an av-
erage percentage error of 8.91% over 100 Myr. In con-
trast, the orbital radius of Enzo-N aligns more closely
with the ideal path, with an average percentage error
of only 1.32%. Examining the angular position reveals
periodic variations. Enzo-Ndeviates by less than 1 Myr
from the ideal period of  26:6 Myr, while Enzoexhibits
a deviation of approximately 10 Myr over the course
of 100 Myr. It is remarkable to note that Enzois run
with a spatial resolution of 0:08 pc, whereasEnzo-N is
performed with 20 pc. This results in a considerable dis-
parity in computational time, with Enzo-Ndemonstrat-
ing an impressive eleven fold speed advantage ov&nza
The key takeaway is that Enzo-Noutperforms Enzoeven
when Enzois executed with signi cantly higher resolu-
tion.

Up to this point, we have observed that our framework
exhibits improved performance compared to the origi-
nal Enzowhile preserving the structural integrity of the
star cluster. Lastly, we delve into the detailed evolution
of the orbiting star cluster to determine if Enzo-N can
indeed achieve the best of both worlds fromEnzo and
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Nbody6++GPRUh contrast to an isolated star cluster, the
one in orbit is subject to the gravitational in uence of
the massive object, typically resulting in tidal phenom-
ena such as tidal stripping caused by the gradient of
gravity from the primary exerted onto the secondary.
Fig. 8 illustrates the evolution of the star cluster in
terms of e ective radius (top), total mass (middle), and
mass loss due to tidal stripping pottom). Here, the to-
tal mass of the cluster, denoted asMyq , is de ned
as the enclosed mass within a radius where the surface
density equals the threshold value of 1M =pc?. The
e ective radius re is determined as the half-mass ra-
dius based onMy, . Lastly, the mass loss is the sum
of the mass of the particles located outside the tidal ra-
dius. The tidal radius, de ned as the radius at which
the gravitational force from the host equals the self-
gravity of the star cluster, determining the boundary
beyond which particles can be torn apart, is calculated
asriga = (M =3+ €)M host)lzsR where R, Mpgst,
and eccentricity e are 200pc, 186 M , and 0 for the
circular orbit  (King 1962). In this case, the tidal ra-
dius is 20pc. In comparison to the isolated star clus-
ter (black solig of Nbody6++GRUWvhich exhibits a rela-
tively stable evolutionary history, the star cluster orbit-
ing around the massive particle ¢ed dashed undergoes
a decline in the total mass and shrinks in size, coincid-
ing with an increase in mass loss due to tidal stripping.
The mass loss and the decrease in the total mass are
distinctly comparable, despite being obtained through
entirely independent methods. This leads to the conclu-
sion that Enzo-N can robustly simulate a star cluster in
the presence of background acceleration while preserv-
ing the structural integrity of the star cluster. Moreover,
the secondary e ects from the background acceleration,
such as tidal stripping, can be resolved within a fraction
of the time that Enzorequires, and with transcendently
higher precision.

5. STAR CLUSTER WITHIN A GALAXY

Thus far, we have observed that our new framework
Enzo-N outperforms the original Enzo while maintain-
ing the shape of the star cluster through the integration
of sophisticated gravity from Nbody6++GPWow, we di-
rect our attention to milestone tests for the synergetic
applications. In this section, we test how robustly the
star cluster can evolve in intricate environments such as
within a galaxy. To this end, we implant the star cluster
of 1° M with 1000 particles into the Milky Way-mass
galaxy produced by the AGORA project (Kim et al.
2016). The initial condition of the AGORA galaxy has
the following components: 1. a dark matter halo with
Moo = 102 M and Rygo = 205:5kpc following the
Navarro-Frenk-White (NFW) pro le with concentration
parameter of 0.01 and spin parameter of 0.04, 2. an ex-
ponential disk of 4297 10*°M with scale length of
3:432kpc and scale height of (8432 kpc, which is com-
posed of 80% stars and 20% gas, and 3. a stellar bulge
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Figure 8.  Top: E ective radius of the orbiting star clus-
ter in Enzo-N (red dashed and the isolated star cluster in
Nbody6++GP(black solid) as a function of time. Middle: To-
tal mass of the clusters as a function of time. The total mass
is de ned as the enclosed mass within a radius at which the
surface density equals the threshold value of 1M =pc. Bot-
tom: Mass loss owing to tidal stripping in time. The tidally
stripped mass is calculated as the sum of the particles out-
side the tidal radius rygar = ( M custer =3 Most )1 ">R where R
is the orbital radius.

of 4297 10°M following the Hernquist pro le. How-
ever, star formation and feedback are not implemented
in this work. We perform simulations for two distinct
scenarios, varying the initial placement of the star clus-
ter. In Section 5.1, the nuclear star cluster is positioned
at the center of the galaxy, whereas in Section 5.2, the
star cluster is situated on the outskirts of the galaxy at
a distance ofx = 8kpc from its center.

5.1. Nuclear Star Cluster in the Center of the Galaxy

We implant the nuclear star cluster at the center of the
Milky Way-mass galaxy and study how the star cluster
evolves under the tidal eld of the galaxy. The simu-
lation is run with the nest spatial resolution of 80 pc,
which is an identical choice to the AGORA project. In
the background gravity that is computed with the PM
solver, the gravity within a cell is interpolated depend-
ing on the choice of interpolation methods. Thus, the
spatial resolution of 80 pc, compared to the size of the
star cluster, is apparently not su cient to resolve the ex-
act tides and the sophisticated physical reaction of star
cluster to it, but su cient for testing the performance of
the direct N-body solver in Enzo-N compared to Enza

Fig. 9 illustrates the evolution of the galaxies and
their nuclear star clusters in Enzo(top) and Enzo-N (bot-
tom). The left panels displays the gas density projec-
tions at t = 0, 120, and 240 Myr on a 24 kpc window.
Since the gravitational in uence from the star cluster of
10°M s relatively negligible compared to that of the
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host galaxy of 10'?M , the overall evolution of the
galaxies shows identical betweerEnzo-N and Enzo and
has not deviated from the original AGORA run having
no star cluster as well (refer to Fig. 2 of Kim et al.
(2016)). This is also evident in Fig. 10, which dis-
plays surface densities of dark matter, stars, and gas at
t = 240 Myr. The surface densities of each component
in Enzo-Nand Enzo exhibit a close agreement with neg-
ligible errors.

In contrast, the clusters scale view (ight panels) of
Fig. 9 display signi cant discrepancies betweenEnzo-N
and Enza The star cluster of Enzo is scattered, and
the surface density of the star cluster at its core di-
minishes to ~ 10°M =pc?. In the meantime, the
core surface density ofEnzo-N sustains its value of

10°M =pc? consistently throughout the evolution
following the Plummer prole. As discuss in Sec. 3.2,
the disruption of the star cluster in Enzois attributed
to the lack of resolution. However, the star cluster in
Enzois not entirely destroyed due to the gravity from
surrounding matter such as dark matter and the stel-
lar bulge, providing an extra in-falling gravity on top of
self-gravity of the star cluster. Despite the gravitational
support, it is not su cient to maintain its structural in-
tegrity, and the star cluster is dominated by and su ers
from the numerical artifact, which leads to the distor-
tions of the morphology.

The gravitational support, namely tidal elds, should
have an impact on the Enzo-Ns star cluster as well.
Shown in Fig. 11 is the comparison between the iso-
lated star cluster of Nbody6++GP(black solig and the
nuclear star cluster of Enzo-N (red dashed in terms of
e ective radius (top) and the total mass of cluster (bot-
tom). In contrast to the orbiting star cluster in Sec. 4.2,
the nuclear star cluster does not undergo mass loss but
instead sustains its mass more e ectively than the iso-
lated star cluster. In the meantime, the size of the star
cluster increases, inevitably leading to a more core pro-
le in the center. This can be attributed to the injection
of thermal energy from tidal elds.

We demonstrate that Enzo-N can robustly handle a
star cluster in the context of galaxy evolution. The nu-
clear star cluster in Enzo-N co-evolves properly with its
host galaxy, maintaining the integrity of internal dynam-
ics of the star cluster. Furthermore, a noteworthy fea-
ture unique to Enzo-Nis that, through few-body interac-
tions facilitated by the regularization (see Sec. 2.2.3), a
fraction of the particles initially associated with the star
cluster can be observed in other regions of the galaxy
(lower panels of theright plot in Fig. 9), which is a
major missing part in Enza This capability opens up
new avenues for investigating physical phenomena oc-
curring on very small scales within the broader context
of galactic dynamics.

5.2. Star Cluster Orbiting on the Outskirts of the
Galaxy
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