Physics 1T (Fall 2023): Midterm Exam Solution

Oct. 20, 2023

[total 20 pts, closed book, 90 minutes]

1. (a) [1 pt] Two small conducting balls of equal mass m = 6.0 g and equal charge g are suspended
from massless, nonconducting cords of length L = 120 cm (see figure). If the separation between
the balls is = 4.0 cm, determine |g|. You may assume that § — the angle that the cord makes
with the vertical — is so small that tanf can be approximated by sinf. Then, explain what
would happen if one of the balls were instantly discharged (e.g., if it lost ¢ to the ground).
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(b) [2 pt] An electron of mass m and charge e is constrained to move along the symmetry axis of
a nonconducting ring of radius R on which positive charge ¢ is uniformly distributed. Find the
electric field (magnitude and direction) at the electron’s position z (see figure) by (i) explicitly
integrating the differential electric field, E = / dE, and by (i) first finding the electric potential
and then differentiating V. Finally, show that when the electron is near the center of the ring
(z < R), it oscillates through the center. Find the period of these small oscillations. (Note: You
are asked to first derive the electron’s equation of motion explicitly. But then, you may utilize
the fact that the equation of motion in the form of #(t) = —w?2(t) depicts an oscillatory motion
of angular frequency w.)
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o (b-1) E. = [dEcost = 17— [" % = = W as in Eq.(22-16) of Halliday &
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Tneg W’ which is equal to what we found earlier.

e (b-2) For z < R, the force on the electron becomes F, = mZ = —eE =~ —47360- < for z > 0, in

which the minus sign implies that the force is towards the center. Thus, T' = % =27,/ % .

2. (a) [2 pt] A long conducting rod of radius R = 1.2mm and length L = 20m is inside a long,
thin-walled coaxial conducting cylindrical shell of radius 10 R (see figure below for a section of
this coaxial system). The net charge on the rod is ¢; = 3.2 x 10712 C, and that on the shell is
@2 = —2q1. Determine the electric field E (magnitude and direction) at distance r = 5 R and
20 R from the symmetry axis. What is the charge on the interior and exterior surface of the
shell? (Note: With L > R, we neglect any fringing effect.)

(b) [1 pt] A sphere of uniform charge density p (negative charge, i.e., p < 0) and radius R has
within it a spherical cavity of radius Ry whose center is at d as shown in the figure below (af
originates from the center of the sphere, O, and points to the center of the cavity, O1). Using
Gauss’ law and the principle of superposition, show that the electric field inside the cavity is
uniform and can be written as E = % d.

o (a) E(R<r<lOR) = q;;iéf P = 2q71r£ ~7 and E(,,>1OR) %7‘ Inside the conducting shell,
nl +492,in L . :
Eqor—c<r<10r+e) =0 = %T, which therefore yields g2 int = —q1 = g2 ext -

e (b) From Eq.(23-20) of Halliday & Resnick, the electric field E at an arbitrary point inside
the cavity (with its position vector denoted as 7 originating from O, or as ] originating from

O1)is B(M) = £7+ G2 = £ (A +d) + G227 =£d.
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3. (a) [1 pt] Positive charge ¢ is uniformly distributed throughout the volume of a nonconducting
sphere of radius R. Using Gauss’ law, find the electric field as a function of distance r from the
sphere’s center, E(r), both inside and outside R. Then, by direct integration find the electric
potential V(r), both inside and outside R, while taking V' (oco) = 0. Sketch V(7). What is the
potential difference between the center of the sphere and the surface of the sphere?

(b) [2 pt] A metal sphere of radius a and charge ¢ (> 0) is on an insulating stand at the center of
a larger, spherical metal shell of radius b and charge —¢ (see figure). Find the electric field as a
function of distance 7 from the sphere’s center, E(r), for all values of 7 (0 < r < o0). Calculate
and sketch V(r), while taking V(co) = 0. What is the potential difference V,; between the

spheres? Finally, show that the capacitance of this two-sphere system is C = 4meg ( b‘iba )

[For an extra +0.5 point] Using your findings above, verify that the following equality holds for
the energy stored in the electric field between the spheres: %C’Vfb = fv %60 {E (7‘)}2 dV. (Note:
In the class, we discussed this equality for the case of a parallel-plate capacitor. You may utilize
Jy f(r)dy = fab f(r)4nr2dr for a spherically symmetric function f(r) and volume V.)

e (a) From Chapter 23-6 of Halliday & Resnick, E(T>R) = ﬁr%f’ and E(T<R) = ﬁ%ﬁ

. ’ R / 7 30t
Integratlng, we get ‘/(7“>R) = fcro 47r160 ‘JTCZ’ = 47360% and ‘/(7"<R) = 7 Jo 47r160 qgg 75[‘]2 47r160 qucér =
S ( — 2—22) Hence, we reach V(0) — V(R) = s34
b (b_l) E(r<a) = E(r>b) = 0 while E(a<r<b) = 47350 r%f Integrating, ‘/(r>b) = 0, V(a<r<b) =

1_1 _ 11 . . _ 11 : _
47‘360 (; — 5), and Vipeq) = 47350 (5 — 5), which gives V,, = 47?50 (a — 5). Meanwhile, C =
4meg < bciba ) can be found by following the steps that lead to Eq.(25-17) of Halliday & Resnick.
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e (b-2) Thus, 3CV2 = L.47¢g <ba_ba ) { ¢ (L_ %)} ¢ (= 1), while f,, $eo {E(r)}*dy =

= 8meg
2
fble L9 drr?dr = g2 (2 - 1)
a 20 \ Ire, 72 ~ 8meg \a b/

4. (a) [2 pt] In the circuit below, the resistances are Ry = 10k, Ry = 20k, the ideal battery
has an emf of £ = 30V, and the capacitor of C' = 0.40 uF is uncharged. (i) When the switch
is closed, what is the current in R; and Ry at that instant, respectively? (i) A long time later
(i.e., after a steady state has been reached), what is the current in Ro? (iii) Long after the
steady state has been reached, the switch is opened at time t3. What is the current in Ry at



t = tp+4.0ms? (Note: For (iii), you are first asked to explicitly set up and solve the differential
equation for the time variation of the charge ¢ on the capacitor plates.)
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(b) [2 pt] To understand why metals such as copper obey Ohm’s law, we consider a model of the
conduction process at the atomic level. Here we assume that the conduction electrons are free to
move in the metal, and that they collide not with one another, but only with the metal atoms.
The black lines in the figure below show a conduction electron of mass m and charge e moving
from point A to B in the presence of an external electric field E , making four collisions along
the way. The gray lines from A to B’ show what the electron’s path would have been without
the electric field. (Note: The drift velocity of the electron, vy, shown in this figure is greatly
exaggerated.) (i) Using this figure and variables such as the mean free time, 7, the number of
electrons per unit volume, n, and the current density, j, show that the resistivity of the metal
is written as p = 7. (71) Explain why this equation can be taken as a statement that metals
obey Ohm’s law. Also use the equation to explain the temperature dependence of the resistivity
of a conductor.

e (a-1) At the instant the switch is closed, I; = 3.0 x 1073A and I = 0. After a steady state has
been reached, Iob = I} = ﬁ = 1.0 x 1073A, which gives the charge stored on the capacitor
qo = CV2 = C(IQRQ).

o (a-2) I(t) = d'il—(tt) = — (%) e~ (t=t0)/R2C can be found by following the steps that lead to
Eq.(27-40) of Halliday & Resnick, which gives I(tg + 4.0ms) = 6.1 x 107%A.

c)u=L =L o p=Eo

pe = . Since vy is much smaller than the effective speed of
the electron, 7 is hardly affected by the field. Therefore, p = 77— is independent of the field
strength, proving that metals obey Ohm’s law. The increase in resistivity with temperature is
due to an increase in the collision rate, hence a decrease in 7. For details, see Chapters 26-4 and

26-5 of Halliday & Resnick.

5. (a) [1 pt] A beam of electrons — each with mass m, charge e, and kinetic energy K —
emerges from a window at the end of an accelerator tube. A metal plate at distance d from



this window is perpendicular to the direction of the emerging beam (see figure). Treating the
problem nonrelativistically, find the orientation and minimum strength of the uniform magnetic
field B that must be applied in order to prevent the beam from hitting the plate.
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(b) [2 pt] The figure below depicts a conductor carrying current I to the left, immersed in a
uniform magnetic field B that is pointing outward and perpendicular to this page. The conductor
has three segments: (i) a straight segment of length L perpendicular to the plane of the page, (ii)
a semi-circular segment of radius R, and (i) another straight segment of length L parallel to
the z-axis. What is the total magnetic force acting on this conductor (magnitude and direction)?
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e (a) With the magnetic field B pointing out of the page, r = 2% = ¥ Z’;K < d, from Eq.(28-16)

of Halliday & Resnick. Thus, the minimum strength of the magnetic field is ¥ QSZTK .

o (b) F= [IdL x B= [l I(Rd9)Bsin0§+ILB§ = (2R+ L)IB7j.

6. (a) [2 pt] Consider a magnetic dipole, that is, a single circular current loop of radius R and
current I. Find the the magnetic field (magnitude and direction) at point P on the symmetry
axis of the loop, at distance z from the center of the loop (see figure), by explicitly integrating
the differential magnetic field, B = i dB. Explain which expressions your answer reduces to (i)
when P is at the center of the loop, and () when P is very far from the loop (z > R). (Note:
For (ii), you are asked to define and include the magnetic dipole moment /i in your expression.)




(b) [2 pt] The figure below shows a cross-section of a long cylindrical conductor of radius R
containing a long cylindrical hole of radius R;. The central axes of the cylinder and the hole
are parallel and are distance d apart, and current I is uniformly distributed over the tinted,
conducting area.

Now consider a straight line 2501 in this cross-section, connecting the central axis of the cylinder,
O, and the central axis of the hole, O, and extending beyond both points. (i) Using Ampere’s
law and the principle of superposition, show that the magnetic field along 501 inside the hole

(i.e., the red line segment in the figure) is uniform with a strength |B| = 271‘(2027]—6[]%2)' (ii) Do a
1
sanity check by discussing the two special cases: R; =0, and d = 0.
. 2 . IR2 . . .
e (a) B, = [dBsinf = &2 [°7 (ngRR;ig/z = Q(Zé‘erZ)?)/Q as in Eq.(29-26) of Halliday & Resnick.

When z = 0, the equation reduces to Eq.(29-9) of Halliday & Resnick with ¢ = 27; when z > R,
the equation becomes Eq.(29-27) of Halliday & Resnick.

e (b) From Eq.(29-20) of Halliday & Resnick, the magnetic field strength | B| at point P on the
red line segment at distance r from O is

2
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|B(r)| =
2 R2
nol (ﬁ) uol (fﬂ#) .
W'T—W'(T—d), 1f7°>d,
which yields |B| = 2#(%027]_‘15{2) regardless. If R; = 0, then the equation simply reduces to Eq.(29-
1

20) of Halliday & Resnick. If d = 0, then it becomes B = 0 inside the hole, obviously.



