Mathematical Physics I (Fall 2025): Final Examination

Dec. 13, 2025

[total 20 pts, closed book/cellphone, no calculator, 90 minutes]

e First, make sure you have all 6 answer sheets. Write down your name and student ID on each
of all 6 answer sheets. Then, number the sheets from @ to @ on the top right corner. Your
answer to each problem must only be in the sheet with the matching number (e.g., your answer

to Problem 2 must only be in sheet @) After the exam, you will separately turn in all 6 answer
sheets, even if some sheets are still blank.

e Make sure you have all 6 problems. Have a quick look through them all and portion your time
wisely. If you find any issue or question, you must raise it in the first 30 minutes. You have to
stay in the room for that 30 minutes even if you have nothing to write down.

e Make your writing easy to read. Illegible answers will not be graded.

1. (a) [2 pt] Find the exponential Fourier transform and the sine transform of

1, —2<x <0,
flx) =14 —1, 0<z <2,
0 otherwise,

and use your result to evaluate
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(Note: For the latter question, you may want to recall the trigonometric identity ~—%5>* =sin?y.)

(b) [2 pt] The periodic function f(x) = |z| is given over one period —5 < x < 5. Sketch several
periods of f(x). Expand f(z) in an appropriate Fourier series, and use your result to evaluate

1 1 1 1
Zm:1+§+5—4+ﬁ+...



2. Find the general solution to each of the following differential equations.
(a) [2 pt] (D?+ 1)y = 8xsinz + 22 — x
(b) [1 pt] (y + 2z)dx — zdy = 0

3. (a) [2 pt] A flexible chain of total length [ hangs over a frictionless peg of negligible size, with
one end of the chain slightly longer than the other (see figure). Let 2z denote the difference
in length between the two ends of the chain and take x = xy when ¢ = 0. Assuming that the
chain is released from rest and slides off without friction, write down the differential equation
of motion using the variable x. Show that, for 0 <z < %,

2
x(t) = xg cosh <t lg> .

(b) [2 pt] Show that the Lagrangian of a particle of rest mass m in a motion along z-axis,

L=mc*(1—+/1—-2v2/c?) - V(z),

leads to a relativistic equation of motion,

F—i muv
dt \/1—v2/c2

Here, ¢ is the speed of light, ¢ and v = %"f are the ordinary time and velocity, respectively.

Then, consider a particle subject to a constant force F'. By integrating the separable equation,
determine v(t). Verify that v — ¢ as t — oco. Finally, compute the distance s(¢) traveled by
the particle starting from rest. (Note: m is constant. If you encounter an integral of the form

i (1_‘;%, consider the substitution y = sin6.)



4. (a) [2 pt] A mechanical system is described by the differential equation y” + 4y = f(¢) with

1, if0<t<a,
t) =
I {0, if ¢t > a.

Assuming yop = y, = 0 at t = 0 and using the Laplace transform, find the response y(t) for
t > 0. Sketch the motion of the system for two cases: (i) a = 37 and (i) a = L27. (Note: The
table of Laplace transforms is in the last page of this exam.)

(b) [1 pt] Repeat (a), this time using the Green function. (Note: To utilize the method of Green
function, you will first need to explicitly derive the response of this system to a unit impulse at
time ¢t =t/ (> 0). Again, the table of Laplace transforms is in the last page of this exam.)

(c) [2 pt] A string of length [ is initially at rest and given the triangular displacement yy shown
below. Assuming the string is fixed at both ends, determine the displacement y as a function of
position x, time ¢, and the wave velocity v (a constant determined by the tension and the linear
density of the string). For an additional +1 point, repeat the problem under the new boundary
conditions where the string is pinned at x = 0 but is free to move up and down at x = I[.

y=h

x=0 x=l/4 x=l

[Problems 5 and 6 in the next page.]



5. [2 pt] A particle slides downward under gravity along a curve from point (z1,y;)=(0,0) to a
lower point (z2,y2). Assuming that the particle is released from rest and slides without friction
(see figure; note the direction of y-axis), write down the transit time along a path y(z) between
the two points as an integral, and solve the Euler equation to make the integral stationary. If
needed, change the independent variable to make the equation simpler. You will find that the
resulting curve is the well-known cycloid. (Note: The gravitational acceleration is g. To simplify
the answer, you may consider parametric form z(6) and y(f), and first express y as constant
multiple of (1—cosf). Once you have y(f), obtain x(6) by explicitly integrating %.)

X1 X2

[image credits: youtube.com/watch?v=skvnj67YGmw (left), Wikipedia commons (right)]

6. (a) [1 pt] Throughout the semester we discussed many examples in which simple mathematical
concepts are utilized to understand seemingly complex physical or daily phenomena. In this
regard, five of your peers presented their term projects in the last class of the semester (+ more
students on eTL). Describe the key idea of one of the presentations you found interesting. A
paragraph of at least 3-4 sentences is expected to clearly convey the core idea of his/her term
project. If you were one of the presenters, please choose someone else’s.

(b) [1 pt] We also discussed how one can speedily gain insights into a physical phenomenon,
by using techniques such as order-of-magnitude estimation and/or dimensional analysis. Invent
and solve your own order-of-magnitude estimation problem. Start with a paragraph of at least
2-3 sentences to clearly describe the problem setup. Make a physically intuitive, yet simple
problem so that you can explain your problem and solution to a fellow physics major student
in ~3 minutes. Use diagrams if desired. Do not plagiarize another person’s idea.



(v+d)o

['(6)7 sueowt (d)o]
()92

d
0<doy (dot) ues -
d
d -
v P T
d
0<doy aulum
0 # v [ea1 10§
0<d oy 10
owy| <d oy z/1-(z? + 20)
d
0<doy %enuﬂ
0<(g+d) oy 2
+d
0<(v+d) oy c+A£
0<doy
ﬁ d d vw
ue)oxe + uejom | =
qQ—7 q+v T
d
|p wp| <d oy 5 eame
D+d
0<(p+d) oy {

(NB,p_2 677
(v —2)n(o — )5 =
D> ‘0
OAGAM .?Iuv@.wHTVH 8¢7T

(11 wonoag eag)
0<? ‘(v—19e 27

ﬂ eIm a_m|_c ‘TI
|_E H

S 9e71

(g—n—(p—tn=0/ g7

(worjouny opistagay Jo ‘dajs jiun)

n>1 ‘0
PPN Sl L (4

(g1 nonoag ‘71 109deyy sag)
(w)or e

(6 monoag ‘11 109deny) 00g)
o<o * mm\%vtwl e

[

P T— 127
0<qo<wv
‘29500 0 WIS m 087
?
P 617
(3= 1)y0-2 817

[o wy| <d oy
[o wp| <d oy
o wy| <d oy
lg wr| < (v+d) oy
lg wr| < (v+d) oy
[o wy| <d oy
[p w| <d oy
[v oy | <d oy

[v oy | <d oy

0<(g+d) ay
0<(v+d) oy

0<(q+d) oy
0<(p+d) oy

0<(p+d) oy

0<d oy
[o wy| <d oy
[o wp| <d oy
0<(v+d) og

0<day

z(z? + ¢9)
£
(zv + zd)d

&0

(zo+ d)d

P

24+ (v +d)
v+d
A+ (v +d)
q
z(z? + zd)
ﬂdlnn.
z(z0 + ¢d)
dog
20— zd
d
20 — zd
D

(g+d)(v+d)
d

(9 +d)(v +d)
T
1+3(0 + d) 10 1+3(0 +d)

(T+4%)a i
1+ 10 1y@
(143 i
20+ d
d

0+ 4
)

v+d

- R -

D800 7D — D UIS
o uIs — 30
Ws00 —
19509 ,, 2
QIS 4,2

08007

uisy

70 Ys00

0 quis

q—o
14~ = 020

v -9

19-2 = -2

=<9 o2y
- <y 'y
10 80D

o urs

L17

917

17

2y

817

[avi

1T

otT

67

87

T

97

T

v

£7

¢T

17

PO [ =@a=W1=x

0>1‘0=®/=1
0<1‘Nf=4

w0 f a2 __\. =(@d=H)T=2X

[0>20=mf=1]
o<1 ‘Wf="h

suriojsuely, adejder] jo a[qey,




