Classical Mechanics I (Spring 2026): Midterm Exam Solution

Apr. 18, 2026

[total 20 pts, closed book/cellphone, no calculator, 90 minutes]

1. [3 pt] Consider a damped oscillator of mass m subject to a restoring force —kx. Its motion is

described by the equation i+26i’+w§x = 0, where z(t) is the displacement at time ¢, wy = %

is the natural angular frequency, and § = % is the damping constant.

(a) [2 pt] By explicitly solving this 2nd-order homogeneous ordinary differential equation, find
the general solution for the case f < wp. Express your answer in a sinusoidal form, while
introducing new constants if needed.

(b) [1 pt] The amplitude of a damped oscillator decreases to 1/e of its initial value after n
complete oscillation cycles. Show that the ratio of the oscillation period to that of the corre-
sponding undamped oscillator is approximately [1 + (8772n2)_1]. (Note: You may assume that
the damping is weak, so that n is significantly larger than 1.)

e (a) From Egs.(3.37) and (3.40), x(t) = moe Plcos(wit — &), where w; = /w? — B2, and
constants xg and d are to be determined by the initial conditions.

e (b) For an undamped oscillator, the period of oscillation is Ty = 2F. For the weakly damped
wo

oscillator with the period of oscillation 77 = i—’lr, the observation e #"Tt = 1/e gives T} =
% = i—’lr Now, the relationship w3 = w? + 8% = w? + (2%1)2 = w? [1 + (27m)_2] yields
T 213 -

=2 =1+ (2mn)%]? = [1 4 (87*n*) ]

2. [3 pt] Consider the same damped oscillator as in Problem 1, but now driven by an external
sinusoidal force. Its motion is then described by the equation & + 26z + w%m = Acoswt.

(a) [2 pt] By explicitly solving this 2nd-order inhomogeneous ordinary differential equation, find
the steady-state solution. Express your answer in a sinusoidal form, D(w) cos(wt—¢(w)), where
the amplitude D(w) and the phase difference ¢(w) are functions of the driving frequency w.

(b) [1 pt] Construct the electrical analog of this system and calculate the magnitude of its
impedance.



e (a) From Eqs.(3.55), (3.60) and (3.61), z,(t) = D(w) cos(wt—¢(w)), with D(w) = A

\/(w87w2)2+4w252
and ¢(w) = tan~! (wi“jﬁ )
0

w2

e (b) From Example 3.5 and Table 3-1, L§ + Rq + ( /C)q = Ey coswt, which gives the steady-

state solution q,(t) = D(w) cos(wt— ith D(w EO/L = Eo .
(1) = D(w) cos(wt—6(w)), w N(Ee vl peer v
The steady-state current is then I,(t) = — Eo sm(wt (;S( )) = —|E70| sin(wt — ¢(w)),

V(e —wL) +R?

consistent with Eq.(31.4.7) of Halliday & Resnick.

3. [4 pt] A particle of mass m moves in one-dimension in the region x > 0 under the force

4
F(x) = (33 - —), where k and xg are positive constants .

(a) [1 pt] Sketch the potential energy U (x).

(b) [2 pt] Identify all equilibrium point(s) on the U(z) plot and discuss their stabilities. Deter-
mine the period of small oscillations about the stable equilibrium point(s).

(¢) [1 pt] Now abandon the assumption of small oscillations. Show that, even for arbitrarily large
energies, the period of oscillation about the stable equilibrium point found in (b) is independent
of the energy. (Note: If you encounter an integral of the form [ W, consider the
substitution « = z2. You may then utilize one of the tabulated integrals, Eq.(E.8c) in Appendix

E of Thornton & Marion,

/ m = sin! <u ;1”0> ’

valid for |u —ug| < A. This problem can be algebraically demanding; manage your time wisely.)

e (a) From Eq.(2.89), U(z) = — [ F(z)dz = 3k (x2 + z—é)
o (b) F(z) = —k (:c - x—é) = 0 at © = xg. Therefore, from Eq.(2.102), for z near xg, U(x) =

Ulzo) + (x — 20)? [M} = U(xo) + 2k(z — 20)? = U(xo) + Sker(z — 20)%. This leads to
r=x0

T

Tz%n/ﬁzw %

e (c) From Eq.(2.98), with x5 > x1, the period of oscillation is

‘Q\f/ ﬁ\ﬁ/\/ ) \f/ u_xg’

where we used the change of variable u = 22 in the last equality. z; and x5 are the turning points,
4
so, they are the two roots of the square of the denominator, £ —U(z) = E — %k (:c2 + i—g) =0.




2
In other words, 2% and 23 are the two roots of —u? + % ‘u—xf = 5—2 —zf— (u— %) = 0.
Then, using the integral given in the problem,
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4. [4 pt] Consider a thin, uniform spherical shell of mass M and radius R.

(a) [2 pt] Show that the gravitational force on a test particle inside the shell is zero, by directly
computing the gravitational field vector g(r) as a function of distance r from the center of the
shell, O. Consider only gravitational force, and assume no other gravitational source.

(b) [1 pt] Repeat (a), now by computing the gravitational potential ®(r).

(c) [1 pt] A sphere of uniform density p and radius R has within it a spherical cavity of radius
R; whose center is at a as seen in the figure below (a originates from the center of the sphere O
and points to the center of the cavity O7). After first establishing the gravitational field inside
a filled sphere of uniform density, show that the gravitational field within the cavity is uniform.
Determine both its magnitude and its direction.

e (a) Starting from Eq.(5.4) or (5.46) with R? = r? + 22 — 2rz cosa, 22 = R? + 12 — 2Rr cosb,



and 2xdz = 2Rr sinfdf,

Ndv' ™ 97 ps R2sinfd6 RG [RAT 24 2 B2
‘g(?")| = G M COS(Yy = G/ MCOSO{ _ 7Tps2 / 7“'—1'72dx
1% r—r 0 X r ‘Rfr‘ T
RG R+r .2 2 R2 G
—g(r<R)= TPs r’+x dp = TPsa )6, = 0.
7“2 R—r .%'2 7"2

e (b) Starting from Eq.(5.4), and with the same variables defined in (a),

/ / T 28 R+r
() = —G/ p(r)dv" —G/ 2mps R*sinfdo _ _271',08RG/ dr
v 0 |

r—x|

T r R—r|

27 ps Rtr 27ps GM

5 ®(r < R) _ _2mpsRG dx:_L}%G(QT) __
r Rer r R

Therefore, g(r) = —V®(r) = 0. This follows essentially the same procedure as in Example 5.1
of Thornton & Marion.

e (c) Because the gravitational field vanishes everywhere inside a spherical shell, the gravita-
tional field at a point inside a filled sphere (at radius r from the sphere’s center) is produced
solely by the sphere of radius r. Therefore, the gravitational field at a point inside a filled sphere
4 3
is —%E(T)ér = —%ér = —%ﬂGp r. Using the principle of superposition and Eq.(5.22),
the gravitational field vector g at an arbitrary location inside the cavity (the location denoted
as r originating from O, or as r; originating from O;) is g(r) = —%ﬂGpr - %WG(—p) r =
—%WGp (a+ry)+ %WGprl = —3nGpa.

5. [3 pt] Consider a damped driven plane pendulum described by éﬁ—i—?ﬂq'ﬁ—i-wg sin ¢ = yw? cos wt,
where ¢(t) is the angular displacement in radian at time ¢, w is the driving frequency, wg = 1.5w
is the natural angular frequency of the pendulum, and f = 3w/8 = 0.25wy is the damping
constant. For simplicity, we choose the driving frequency to be w = 27 so that the drive cycle 7
becomes 1. Now let us consider two identical pendulums that satisfy the exact same equation
of motion, but have slightly different initial conditions. We denote the separation of these two

pendulums as A¢(t) = pa(t) — ¢1(t).

(a) [0.5 pt] First, consider the linear regime in which sin ¢ ~ ¢ (e.g., when the initial velocity
¢(0) and the drive strength - are small). Using the figure below, describe the behavior of
|A¢(t)] as t — oo. In your answer, include and circle the following keywords: complementary
solution, particular solution, transient effect, steady state, initial conditions. (Note: You don’t

need to solve differential equations here; qualitative justifications are more than enough.)
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(b) [0.5 pt] From now on, we consider the nonlinear regime in which the approximation sin ¢ ~ ¢
no longer holds. Different behavior may emerge for different v. For example, for v = 1.105,
|Ag(t)] starts out at 10~% but reaches 7 by ¢ = 16, as seen in the figure below. Why can t = 16
be considered an important milestone?

|ado)|

note: log = log

(c) [0.5 pt] Use the observation in (b) to estimate the Lyapunov exponent A, as defined in
Ag(t) ~ |Ap(0)|eM. Then, suppose that you want to predict the pendulum’s ¢(t) with an
accuracy of 10~! and that you know the initial value ¢(0) within 107%. Estimate the maximum
time Tinax for which you can predict ¢(t) within the required accuracy. (Note: Here “~”
signifies that A¢(t) on average oscillates roughly underneath the envelope |A¢(0)|e*. Obtain
your answers accurate to only two significant figures. Use the following if necessary: log(m) =
logo(m) = 0.50, log(e) = log;o(e) ~ 0.43.)

(d) [1 pt] If you wish to double Tiyax found in (c¢), by how much must the accuracy of your
measurement of ¢(0) be improved (e.g., to within 10~7,107%,...)? Use this example to explain
why making accurate long-term predictions is inherently difficult for chaotic systems.

(e) [0.5 pt] Compare qualitatively the two cases, v = 1.105 (figure above) and v = 0.1 (figure
below), focusing on the evolution of |[A¢(t)|. In your answer, include and circle the following
keywords: exponential decay/growth, sensitivity to initial conditions, linear, chaotic. (Note:
You don’t need to solve differential equations here; qualitative justifications are more than
enough.)
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e (a) In the linear regime, the solution ¢(¢) has two parts: complementary solution + particular
solution, as in Eq.(3.54). The transient effect that depends on the initial conditions dies out as
t — o0, and only the steady-state solution remains. Thus, |[A¢(t)] — 0 as t — oo.

e (b) An uncertainty of £ radian in ¢ means that we have absolutely no way of predicting
where the pendulum is.

o (c) log|A¢(t)| ~ log|Ad(0)| + At -log(e) — log(m) =~ log(10~*) + 16X -log(e) — Thus,
0.50 ~ —4 + 6.9\ gives A =~ 0.65, confirming A > 0 for chaotic behavior. Then, log(10~1) ~
log(107%) + 0.65 Thpax - log (€) — Tinax ~ 18.



e (d) log(1071) ~ 1og(107%) 4+ 0.65 (2T1max) - log (¢) — z = 11, or a 107! accuracy. To merely
double Tjnax, a ~10°-fold improvement in accuracy is required in the initial value measurement.

e (e) In the case of v = 0.1, on average |A¢(t)| decays exponentially demonstrating that the
motion becomes insensitive to its initial condition (“linear” behavior). In contrast, in the case
of v = 1.105, on average |A¢(t)| grows exponentially demonstrating that the motion becomes
very sensitive to its initial condition (“chaotic” behavior).

6. [3 pt] In the class we covered several special topics including dark matter and tidal forces.

(a) [2 pt] We discussed how the tidal forces manifest in various physical settings. Describe how
the tidal interaction between the Earth and the Moon leads to each of the phenomena listed
below. For each phenomenon, 3-4 sentences are expected that clearly explain, step by step, how
the concept of tidal force accounts for the observed behavior. Use diagrams if desired.

e The Moon’s rotation period is equal to its orbital period (i.e., tidal locking).
e The Moon has been moving away from the Earth at a rate of approximately 3.8 cmyr—!.

(b) [1 pt] We also discussed several evidences that suggest the existence of dark matter. Describe
two or more of them. 3-4 sentences per evidence are expected to clearly explain how each
evidence points to the existence of dark matter. Use diagrams if desired.

e (a-1) The Moon’s fast rotation drags its tidal bulges ahead of the the alignment with the
Earth, and the resulting gravitational torque of this leading bulge acted as a brake, slowing
the Moon’s rotation until the bulges faced Earth permanently (where the rotation and orbital
periods are identical, a.k.a. tidal locking).

e (a-2) The Earth’s fast rotation drags its tidal bulges ahead of the the alignment with the
Moon, and the resulting gravitational pull of this leading bulge accelerates the Moon forward
in its orbit. The angular momentum lost by the Earth’s slowing rotation is transferred to
the Moon’s orbital motion, causing the Moon to move into a more distant orbit. For more
information about each of the items above, see the class slides, Lecture 7-1.

e (b) Flat galactic rotation curve, fast random motion of member galaxies in galaxy clusters,
gravitational lensing, dissociation of the gravitational potential and baryons during collisions of
galaxy clusters (e.g., “bullet cluster”), cosmological structure formation. For more information
about each of the items above, see the class slides, Lecture 6-2.



