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Success of Quantum Frameworks

Electron density in Hydrogen Atom
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Challenges in Modern Physics

However, “strong dynamics” in Quantum systems (QM or QFT) cannot in

general be understood by using perturbative approaches.
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Duality

© Strong dynamics in quantum systems can be studied by using “duality’!

~ Two (or more) different descriptions of same physics —— Duality

© Particle - Wave duality in QM
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Duality

~ Two (or more) different descriptions of same physics

Different classical limits,

Even different symmetries
< >

Same physics (at long distance)

~ Different descriptions provide different insights in physics.

© Strong-Weak duality :  String coupling «—— Weak coupling
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Duality

that | found in “Sanya Nanshan Temple” in January

......................

“Door of non-duality”

“Three sided statue of Guanyin Buddha” -> Triality ?



Dualities in lower dimensions



Duality of free Harmonic Oscillator

Free Harmonic Oscillator in quantum mechanics
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' Duality exchanges X <+ P given by Fourier transformation
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Tw

' Duality maps H to itself !
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Duality in 1+ 1d free bosons

Action for a compact free boson ¢(z) ~ ¢(x)+ 27
62
S [ 2 (0,00

Equation of motion:  0"90,,¢(z) =

Conserved currents (9,j* = 0) : J* = 320" ¢ for ¢(x) = o) +c
1
Ji = 2—6“”6,,gb from Bianchiid. €*”,0,¢ = 0
70
1

~ Duality by 9#¢ <+ €70, ¢’ leads to same action with 5 — — .

5
5A O . T-duality O g~ 5_

(J, Jw) (Jur, J')

> Equation of motion becomes trivial in dual theory of ¢’.
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Bosonization of 1+1d QFT

= Chiral fermions 14,1 _ can be written as functions of chiral bosons ¢, ¢_

¢+ ™~ €—i¢+ ’ w— ™~ €i¢_

[Thirring 1958], [Luscher, Peschel 1974],

© Ex) Massless Thirring model is dual to a free boson [Coloman 1975]

) ) 32
Sz/dzx Wy O — g(py)? < > S= /d2 5 (0,9)°

. 1 g
with ﬁZZE—Fﬁ

o “Boson” and “Fermion” are not fundamental concepts in duality.

Free boson <« > |Interacting fermion
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Simplest duality in 2+1d Maxwell theory

F,.,=0,A, —0A,

S = —L d>x FMVFW/ with A, U(1) gauge field
1 Ap(z) — Ap(z) + 0uA(z)
Topological U(1)to, current Jéf)p = iGMW)FI/;) from Bianchiid. €770, F,, =0
A7
" X’Z§
Charged object is magnetic monopole OP M ( ZE‘) I

© Dual to a free theory of a compact scalar field 0 by F"" ~ 7700 .
io(x) .

~ Monopole is implemented explicitly in dual theory as M (x) ~ e

o Gauge symmetry can disappear or emerge, so it's not fundamental.
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Particle-Vortex duality in 2+1d

Particle theory Vortex theory
Lagrangian IDsg)? — 9| | |De®)? — |®|* + 5-adA
U(1) current Jé o= €0 0" A
Operator 0 M,
Mass deformation —m|¢|? m|®|?

A : background gauge field
a : dynamical gauge field

[Peskin 1978], [Dasgupta, Halperin 1981]

. . — N
Particle Vortex

o Non-perturbative “soliton” is mapped to elementary particle.

m >0 : Mass gap

~ Two distinguished phases { m<0 : Superfluid

o Emergent gauge symmetry of “a” in“vortex” theory.
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Boson-Fermion duality in 2+1d

Scalar field ¢ coupled to U(l) gauge field with Chern-Simons coupling

is dual to a free Fermion !

Lagrangian | |Dg¢l? — |o|* + —ada Wy 0,0

]_ ° (11 H - 7
U(1) current 5= €up0ta” I Bosonization

Operator Moo Y
[Wilczek, Zee 1983], [Polyakov | 988]

) —>
Boson + monopole Fermlon

Flux attachment

o “Spin” is not fundamental concept under duality!
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Dualities in higher dimensions



Duality in 3+1d Maxwell theory

Maxwell equation without charge source

V-E=0 V-B=0
_ 0B __ OF
VXE——W VXB—W

o Electric-magnetic duality : (£,B) — (B',—E') or F" — "VF{

~ Charge sources under duality

Electron with charge ¢ «<——> Monopole with charge ¢

Dirac monopole

o Strong/Weak duality

: : —1
A,u with ¢ <«—— A;L with g ~ € due to charge quantization € - § = 2mh
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Quarks vs Mesons

o~ QCD describes strong forces between quarks and gluons at short distance.
~ On the other hand, physics at long distance is described by Chiral

perturbation theory of mesons such as pions 7=, 7V.

uv @@

\4

IR T~ <uaz>
o Degrees of freedom at short distance # those at long distance.
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Idea of Compactification

o D+I1d QFT compactified on a torus leads to

- ST .

Ry, Ry — 0 Only topology matters

(D-2)+1d .
[
T(D—2)+1d

~ Duality exchanging ¢« «—— ¢ comes from R; «<— Ry on torus.
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o D+Ild QFT on a torus with fluxes leads to a family of (D-2)+1d OFTs,.

l Rl, Ry — 0 *
(D-2)+1d
T(D=2) TN

o Duality exchanging 7 «— 7 comes from & «—> & on torus.

Flux




5+ 1d E-string theory and compactification

o 5+]d E-string theor)l [Witten 1995], [Ganor, Hanany 1996],...

- Minimal supersymmetric conformal theory with Eg global symmetry

o LEGO-like construction of Lagrangians for such 3+1d QFT from 5+1d E-string

theory compactified on a torus with Fg fluxes. [H-C Kim, Razamat,Vafa, Zafrir 2017]

LEGO blocks for fluxes O ) > + O . > > <> y W >
SU(2) SU(2)  SU(2) SU(2)

su@2)  SUR)e  SU(Q)

2 % 2 2 *— 2 2 [——( 2 )— 2
3+1d QFT operators + S \ /
8 8 8
o Generic flux on torus gives rise to infinite number of 3+1d QFTs
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3+1d Dualities from 5+ 1d E-string theory

Generic flux on torus e gives rise to infinite number of 3+1d QFTs

3+1d QFTs only depend on topology and fluxes. [H-C. Kim, Razamat,Vafa, Zafrir 2017]

— Infinitely many dualities !

RN

when s 4+ 4+ = 6+ + »

o Higher dimensional QFTs can provide easy interpretations and also new

predictions of lower dimensional physics such as dualities, enhanced symmetries.
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Classification of 4+ 1d rank 2 QFTs and Dualities

(BI;F; U dPg)*
SU(3)o+10F, Sp(2)+ 10F
2

[SU(2) +4F] x[SU(2) +4F] [Jefferson, Katz, H-C. Kim,Vafa 201 8]
B14]F1 U dP6 (B19F4 U ]FO)*
SU(3) 1 +9F, Sp(2)+9F SU(3)_s +9F, Sp(2)+1AS+8F . +
[SU(2)+3F] x [SU (2) +4F] / 2 With O7
SU(3)o+1Sym—+1F)*
BLF, UdP; BI,F; UdP; BLE, U dP, [ (SUB)o+1Sy il
SU(3)o+8F SU(3).1+8F, Sp(2)+8F SU(3)_5+8F, Sp(2)+1AS+7F l
[SU(2)+3F] x [SU(2)+3F] [SU(2)+2F] x [SU( )+4F)
l — * / | SU(3)%+1Sym ‘
5 Bl;F; UdP; BL,F; UdPg BI;F, UF,
| BlsF3 U P? | SU@), +7F SU@)3+7F, Sp(2)+7F | | SU() 3 17F, 5p(2) + IAS 1 6F
[SU(2)+2F] x [SU (2)+3F] [SU(2)+1F] x [SU (2) +4F] [SU(2)+5F] x SU(2)
! (F,U P,
BI;F; U dP, Bl3F; UdP, BL,F; UdP; BLF; UdPg F, U dP; SU(3)4+6F
[SU(2)+4F]x SU(2)o SU(3)o+6F SU(3)1+6F SU(3)2+6F, Sp(2)+6F SU(3)3+6F Sp(2)+2AS+4F
[SU(2)+2F] x [SU(2)+2F] | | [SU(2)+1F]x [SU(2)+3F]| | SU(2),x[SU(2)+4F] | | Sp(2)+1AS+5F Go+6F
A / / l A
Bl4F; UdP, BloF; UdPy Bl;F; UdPs F; UdPg Fy UdPg F3 UdPg
[SU(2)+3F]xSU(2) SU(3)1 +5F SU(3)3 +5F SU(3);+5F SU(3); +5F SU(3)y +5F
[SU(2)+1F] x [SU(2) +2F] SU(2)x % [SU(2)+3F] Sp(2)+5F Sp(2)+1AS+4F 5p(2>G+if;§+3F
i BN ~N /N
Bl UdPs BlF; UdP; BI,F; UdP, F, UdP5 F, UdP; F3 U dPs F, UdPs
[SU(2)+2F]x SU(2)o SU(3)o+4F SU(3), +4F SU(3)2+AF | | SU(3)3+4F SU(3),+4F SU(3)5+4F
[SU(2)+1F] x[SU(2)+1F] | | SU(2), x [SU(2)JV Sp(2)+4F | | Sp(2)+1AS+3F Sp(Q)GJFﬁEHF
/ / l Ql
Bl,F; UdP, Bl F; UdPs3 F, UdPy IFz UdPy I3 UdPy s UdPy F5 UdP, (Fg UdPy)*
[SU(2)+1F}XSU(2)O SU(?))%‘I—?)F SU( )3+3F 5+3F SU(3>%+3F SU(3)%+3F SU(3)Q+3F Sp(2)0—|—3AS
SU(2) x[SU(2)+1F] Sp(2)+3F Sp(2)+1AS+2F Sp(2)+2AS+1F
/ \ / \ / \ Gy+3F
dP; UdP, BLF, U dp,| | BLF, U dP, Fl U dPs F2 U dPs Fs U dPs F4 L dPs F's U dbs Foo U dpy Fo U dPs
SU(2)oxSU2)o | [ 8502, x50, SU(3)o12F )1+2F 3)3+2F )3+ 2F 3)a+2F SU (3)5 +2F SU(3)6+2F Sp(2)0 1 2AS
SU(2)5 % SU(2)x 2)+2F 2)+1AS+1F Sp(2)x+2AS g
/ / / / / — /
1 30— 2X1 2
Fl Z—XCJ—XQ dP2 F, )L(J dpP, FQ U dPQlF Fg U dPglF ]F4 U dPglF IF5 U9d_|1:j21F S[ivF?SU dP21F ]FG %j dP2
SU(3): +1F )t + )1+ s e SU( )u +1F (3)1 + (207 TAS
/ \ / / / p( )+ Sp(2). +1AS Go+1F /
I
FZ UdPl F; UdPq Fy UF, Fg U dpP, Fqs U, F5UdP1 Fe UTFo F7UdP1 Fs U, Fg U dpP, (Fl()UF())*
SU3)o SU(3), SU(3), SU(3); 34 SU(3)s SU(3)s SU(3)s Sp(2)o SU(3)e
Sp(2)7r Ga
—_
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Gravity

Spacetime is dynamical  [Einstein 1915]

SNSRI s T Tl
. 3.\:“;{?‘_‘ AL A &

© In quantum world, spacetime geometry
arises from quantization of graviton field
(or metric field Guv).

However, Gravity is non-renormalizable.

https://www.nottingham.ac.uk/mathematics
/research/mathematical-physics

~ Thermodynamical entropy of black holes (BH)

kABH Apg : BH surface area

4h(G N Gy : Newton constant
[Bekenstein 1973], [Hawking 1974]

Quantum gravity can be formulated in terms of
degrees of freedom living on the boundary of
the spacetime. ___, Holography

['t Hooft, Susskind]
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Gauge/Gravity Duality (Holography)

© Quantum gravity in a D+1 dimensional curved “anti-de Sitter” spacetime
(AdS space) is holographically described by (D-1)+1 dimensional conformal

field theory (CFT) living on the boundary of AdS space. [Maldacena 1997]
, Quantum operator
Graviton :

........................... (D_ | )+ | dim. CFT

Quantum gravity on AdS .y g fummm S

Black Hole Quark-Gluon Plasma
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Black Hole Entropy Counting

~ Strominger and Vafa black hole counting (1996) :
We can count black hole microstate and find black hole entropy Sz by
using dual theory living on D-branes.

strings

Black brane D-branes
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Summary

Duality is a fact that two or more seemingly different quantum systems

describe the same physics.

Strong-Weak duality can be used to understand strong dynamics in quantum

systems.

Many examples : Bosonization, Particle/Vortex duality, QCD vs Mesons,

Gauge/Gravity duality, ....
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