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Nobel Prize in Physics 2016

15 David J. Thouless
15 J. Michael Kosterlitz and F. Duncan M. Haldane

“theoretical discoveries of topological phase transitions and topological phases of matter”

David James Thouless (1934 - ) University of Washington
Born in Scotland, Studied nuclear physics under the supervision of H. Bethe

Won Maxwell prize, Wolf prize, Onsager prize, Nobel prize

Phase transition: Thouless effect, Berezinskii-Kosterlitz-Thouless (BKT) transition
Localization: Thouless picture (energy)

Spin-glass: de Almeida-Thouless (AT) line, Thouless-Anderson-Palmer (TAP) approach
Quantum Hall effect: topological quantization

Spectrum of the Schrodinger operator: wave function scaling

Vortex dynamics: quantum vortex
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Prologue

Elementary particle (« Field theory)
symmetry, unification, charm, beauty, TOE,...
Condensed matter (< Statistical mechanics)

symmetry-breaking, disorder, randomness, frustration, chaos,...

Yet best precision comes from “dirty” condensed matter!

voltage standard: Josephson effect y, =(y)= 2i¢ = nh_a) 0 10717)
e

2e
2

resistance standard: quantum Hall effect o, = n% (0107

Why?



Quantum Numbers: Symmetry vs Topology

Symmetry — conserved quantity Noether's theorem

discrete eigenvalues for the operator quantum numbers
symmetry: fragile, subject to perturbation

broken — mixing of the quantum numbers

Topology — winding numbers

topological charge (quantum numbers)
topology: robust against perturbation
— high precision
Condensate wave function

w(r) =|y(r) e’

mv¢ +dl=27n topological charge n > 0: vortex



Symmetry vs Topology

Mug and doughnut: different symmetry but the same topology




Quantum Interference

* Moving charge in the presence of vector potential A

— Hamiltonian AB phase acquired
1 e Y e e e
H=—1Ip+—A =—I[[|A-dl=—|B-da=—
2m (p c ) Z hc hc j ! he
gauge transformation: A — A + VA = y — yel(¢hIA
= Bohm-Aharonov effect
* Moving magnetic moment in the presence of scalar potential A,
(moving solenoid in the presence of charge)
— Hamiltonian AC phase acquired
1 1 ’ e 1
HZE(P_ZEXHJ ¢Ac:h_c[ﬁAAc'dl (AACEEHXEj

= Aharonov-Casher effect



Persistent Currents

Free electrons 1n a metallic loop

— BA flux ®AB:mA~dl:jB-dazfAB®O (CI)OEhc/e)

— AC flux D, :mAAC-dlzﬂ—:—JV-EdaEﬂ—:—‘mﬂEO'fAcCDo

(c = %1: spin state; A: linear charge density)
h2
— Energy level E£,, = SR’ (n+ 1) (—1/2 <f S1/2) f=lst0f
@ A

— Total energy FE = ZEM

— Charge current Spin current
e OF
c:—— IS:L 8E _e)u
271 Of 4 4r of ;¢ BT |



Superfluids and Superconductors
ip(r)

Condensate wave function ¥ (r) =|w(r)|e
Superfluid velocity v, =EV¢
m

circulation [ﬁ"s dl = n [ﬁV $-dl = n h winding number n: topological q. number

m vortex quantization
Superconductor
2
j, =2ey *vy = M{hv¢—%Aj 0, inside superconductor = V¢= %A = 2—”A
m c he D,
flux CD:[le-dl:EmV¢-dl znﬂ@_nq) winding number 7:
2e 2e flux quantization

SQUID [ Vé-divg-di- [ Vo-di=2nz-4 ($=6-4)

jA~dl=[ﬂA-dl— j A-dl=d- j A-dl
1,I’

gauge-invariant phase difference ¢ ¢—— j A-dl =2nr— 27[% =2n(n—f)

0



Symmetry and Phase Transition

Spacetime: homogeneous and isotropic

Symmetry of Physical Law: e.g. w82 &= Al a=F/m
Invariance under symmetry transformation
L+2+s| 27 translation, =S rotation, A]{F X188time translation
X514 2| charge conjugation, =%t d parity, A]{t & Al 7]time reversal
gruTexchange/permutation

o] x| gauge

S =% condensed matter: TR do] A& 7jA 4 Q1S
spontaneous symmetry breaking

— J=("2A) order



Hamiltonian H=H,+V
Partition function 7 =Tre#? =Tr e #oe™?
high-temp. limit: 57— 0  noninteracting system

low-temp. limit: fV — oo ground state

I'—»| noninteracting system

l perturbation expansion: density exp. (no A-exp.)

What is in between? phase transition

I elementary excitations: collective modes

T— 01| ground state (solid crystal)



Water and Ice: H,O &#=29| A&

T
water (symmetry. translation, rot) disorder entropy

A

I.| «— phase transition (symmetry breaking)

ice (broken symmetry) order energy

Cooperativity among many constituents — emergent property

Of M- M, M, 2AHE, 27 F, 7% HE, DNA ZO{A, ME £3t, T
REZHE, 2h g, 0T A, 2 HE, =M AL, Rl BT 535, -



Order Parameter

How to specify the broken-symmetry state?

— order parameter

{: 0 sym. state (disordered)

#0 unsym. state (ordered)

Free energy functional expanded in powers of ¥  Landau theory

F(y)=Fy+aly| +bly| +--

_)Fmin

— equilibrium order parameter

0, a>0

y=1 [-
_a’ a<0

b P

Usually y: continuous at transition, i.e., ¥ — 0as 7— 7.  2nd-order tr.
cf. 15t-order (discontinuous) transition



Discrete vs Continuous Symmetry

Discrete sym.:  may be a scalar (real) variable. Ising model

Continuous sym.: i has components, phase angle. XY model

¥

Raly

Goldstone theorem: continuous symmetry broken — Goldstone mode (massless)

Mermin-Wagner theorem: Continuous symmetry may not be broken in 2D.



Spin wave excitations

P} RESSES Ot e
I : ; f f ; 1' * ! # Correlation function
G e
EER -
k i i # ; I I I ; ; In the limit i{ —>F oo(;é O% .
R S wive Excitations =
ff?‘I##'H'H © disord

I'(r) ~r algebraic (QLRO) “critical”



Berezinskii-Kosterlitz-Thouless Transition
2D Superconducting Arrays

* Described by the 2D XY model
e Study of low-dim. physics
 Related to a variety of systems

e.g. superconducting networks

= tight-binding electrons
superconducting islands high-T. superconductors
weakly coupled by
Josephson junctions quantum Hall system




Ginzburg-Landau Description

« GL free energy
F= Z(a“{fl.‘z +b

\Pi

Two transition regions

B T = Thcs

(@ =0)

m 7

(~E))

4) + ZE
i

R

v, | EE:]EB]
: Vi -
R#0
R —0
1




2D XY Model

* Lower transition region: phase-only approximation

—> H = —EJZCOS((I),- —¢,) :2D XY model
(i.J)

Excitati <[spin wave : Goldstone mode
xcitations ]
vortex : topological defect

PAR A i ~ NN NN N N = e e s 7 PR VA B A A A
® 7-< 77 -vortices as boundpairs = 7 7 7/ A
P AP S ~ N N NN NN N NS e e y 7 4/ L it b s
7/ P i . \° ARYALSEL S < UL Y | - P v e e e,
;10 Zdlgebraic decayiof corr€lations ~ T vy oo ,
N PN T S T S LU Ny Lbd g N gy
m > $: . dissociation of bounéPpairs - free vortices” ’ - 7
LS T S N T Y A A [ A S S A A N T

L2tz zexponential decay of correlations ~ e TR 11T
L1111 =R #0 for 2D guperconductars iy

m BKT@pnsitionat 7'=17.  (b) (c)

P o P RS N U N R U

P . T Wy U W A W WO

P R el i = =P Ry S R A . T



vortex atr =0: ¢(r) = 6(r)

v¢=16
Pl 4

energy of a single vortex

! I 1 R &
Elv :EEJIdzr(v¢)2 :EEJIdzrr_zz 7Z'EJ ln?_R_Hw

free energy change asso. with free vortex formation
R

AF =AE-TAS =rF, lng—lenQ =(nkE, —2kT)lnE
T<T.=rE,/2k: bound pairs — algebraic decay
T>T.: free vortices — exponential decay
T =T, : ionization of vortices — BKT transition
topological (no sym. breaking)



Frustrated XY Model
H=-E,;» cos($,~,—4,)
(1.])

4, s%fA-dl, S A, =2720/D, = 2af

(f : gauge-invariant frustration)
* Only frustration effects (<> spin-glass)

enter in a controllable way («— magnetic field) complex systems

* Discrete symmetry Z, in addition to continuous U(1) symmetry
— possibility of LRO 1n 2D (vortex + domain wall)

e Duality transformation — Coulomb gas of (fractional) charges
H=2wE, 3 [ng - FIG(R,R)[ng — f]
(RR)

=0 (XY model): renormalization group analysis (Kosterlitz) — BKT transition



Quantum Hall Effect

Hall Effect
F:—e(E+X><Bj:O
c
8, |
= cE, —v.B =0
Ex/_' g
9 O Hall voltage
T Vy=Ew=w=B
c
Current density j =nev, =0 E,
E
Hall coefficient R, =—2 _
j.B. nec
E
Hall resistivity/conductivity p = L& _ 8




Integer Quantum Hall Effect

2D electrons in magnetic fields — Landau levels, each with degeneracy & =

Hall conductivity
nec nLLec [N, |ec
O = = =
"B O N, | o,

2
e

=y— (v=N,/N,, filling factor)
h
accuracy < 101

Standard for electrical resistance:
Resistance quantum:

Ry = h/e?> =25812.807557 Q

impurities — level broadening

— extended (center) + localized states (edges)
— finite step width

&le

Pxx (k)



Linear response theory

oH
00,

ie’h 5 VoV o =VouV oo

o = where V=) v.and V', =
Xy LZ ot (En _EO)Z Z i n <l//n

>=%<wn V/o>,

Ne . .
Under magnetic translation 7'(1) = He_(’/ P where T =p —E(A —Bxr), we have T’ (in)|y/> = |l//>, etc.
. c

_ I a‘//0 a‘//o aWo
27l o0,
Y

Cl=H(§—:[89x/1y—89yAxJ=imd9-A, where 4= i<1//0 ‘;0

X

2
v, \|_e C,  Chern number
20, /| h

> Berry connection
C = imdﬂ -VyA =n=#0 if 3 vortex (topological singularity) in the (6,,6,) plane.

Hall conductivity

2 2
e e . " . .
=0y = C, = n— regardless of impurities and/or interactions

integer quantum Hall effect (IQHE)



Fractional Quantum Hall Effect

Magnetic field (T)

2
o, =v< with the filling factor v =2
q
IQHE regardless of impurities and interactions
Then why FQHE?
Condition for IQHE

1. Energy gap bet. ground & excited states
incompressible fluid

2. Nondegenerate ground state:
single-valued wave function on S?

= As =0 to 2z, we have |1//0> to |w0> (up to a phase)

In FQHE (v = p/g):
1. Still valid (Fermi gap «<— o, = 0)
Coulomb interactions — incompressibility
2. Multi-valued wave function on S?
g-fold topological degeneracy |y, ), a=1,2,...q



Degeneracy on a torus L, < L,

: ] L
Magnetic translation 7’| —=
N¢

= g-fold degenerate eigenstates of H and 7, if [/, T,,] = 0 (clean sample)

i

> eigenstate of unitary op. 7,

> (azla---:Q), Whel‘e T;j|(//0>:e_i9y

v, ) =T
=T, |y,)=T1I

:>T(Lyfy)|wa>=e v.) ie,

Zj 6‘//01 al/la al//a: al//a _6_12”d9x2m]d6 a‘/’o
O 27i | 00, 00, | 00, hqy2mig 7|\ 06,

e 1 2 p 2

~i[6, (a=0)-27at]

N,
A] =T, etc, where T) =] [¢e """ = TT

)=e PITeT |l//0> =e 7y Y, also eigenstates of T,

oy,
00

_ _-i27mplq
=5 TyTx

‘1/10,6? 0 +27za> g-fold degenerate eigenstates

oW\ _
00,

| 20,

=——C, <«topological invariance from non-interacting &, = —y & P tointeracting system

h q h qh
pe p
= s for v = p plateau near v = p/q < localization of quasi-particles

(fractional charge/statistics)



Other Topological Phases
F. D. M. Haldane; C.L. Kane and E.J. Mele

Quantum spin Hall effect and 2D topological insulators

spin up electron exhibits a chiral integer quantum Hall effect while the spin down electron
exhibits an anti-chiral integer quantum Hall effect.

Surface (conducting) states of topological insulators are symmetry protected by charge
conservation and time reversal symmetry.

Valence band

Momentum



Vortex Dynamics

Macroscopic Quantum Phenomena

H = 2e2<z>[n,~ -41C;'[n, = q] —EJ<_Z>cos<¢,- —0, - 4,)
LJ L,J
——

 Cooper pairs on the i grain
charge 2en; (charging energy) <> phase ¢, (Josephson energy)
canonical quantization [7,, ¢,] = -i5; = MQP
* Magnetic field B — gauge field 4,— magnetic frustration /
* Gate voltage (electric field) V' — gauge charge O — charge frustration ¢
= (Q/2e

thermal fluctuations <> quantum fluctuations
magnetic frustration <> charge frustration




Quantum phase transition (S-I) at 7= 0 «— quantum fluctuations
Ec (= 4¢*/C) < E; : phase ordering — superconductor
Ec > E; : charge ordering — (Mott) insulator

T'> 0 (f=qg =0): BKT transition

vortex unbinding (S-N) at T,
charge unbinding (S-I) at T,

free charges/vortices

Tc
(BKT)

I
charge dipoles

Q, a=/Ec/E;
(self-dual) \/




Topological Quantization

» voltage — charge motion — current
current — vortex motion — voltage

 E. <KL E; acdriving — voltage quantization

f= L. <V> I Lhi2 GSS (Giant Shapiro steps)
S

s 2e
 E.> E; ac driving — current quantization (Bloch osc.)

g=l: (1y=112E GISS

) s 2w

« E.~FE; E-/E,provides K.E. of vortices/charges
lattice structure destroyed — quantum fluid
— conductance quantization
quantum vortex: boson («— Berry’s phase) with hard core
— J-W transformation — fermion with gauge field

4¢”
- 0, = mT (m =even) QHE



Mode Locking, Melting, and Transitions

actdc driving/ =1,+ [ cos Qtat7=0
— voltage quantization: giant Shapiro steps (GSS)

25 I I
2 - LhQ)
1S | =0 (7)=n 5, 1GSS
1 . n LhC)
=r/s:(V)=— FGSS
0 SR
o 1 2 3 4 5 cf. devil's staircase

» mode locking < fopological invariance
» chaos



Non-simply Connected Geometry

» Interference effects
charge moving in magnetic field: Aharonov-Bohm effect

| ;o203

— persistent current hof

vortex moving in gauge charge field: Aharonov-Casher effect
istent volt V= 1 oE

— persistent voltage 2e 0

* Coupled Array

— charge transport via excitons
(pairs of excess and deficit Cooper pairs)

— interesting phase transition and transport properties



Vortex Current

Annulus-shaped array with induced charge O, =—2eq
on the inner boundary

— N vortices = Laughlin-type wave function
— persistent vortex current J = < a_E

2e 0q
- I
— persistent voltage p=-="
c

—> spontaneous voltage
-1
E E ‘
V,= Nz S 2aN ;
e 4rne” In(R,/R))

a: thickness



Epilogue

Explanation of the Nobel Prize in Physics 2016
David J. Thouless, J. Michael Kosterlitz, and F. Duncan M. Haldane

Why me?
1. Research Experiences

2. Personal Relations

Phase transition: BKT transition, frustrated XY model
Localization: localized and critical states

Spin-glass: gauge-glass

Quantum Hall effect: boson system

Spectrum of the Schrodinger operator: incommensurate system
Vortex dynamics: quantum vortex
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For details of QHE and other
topological phenomena in low
dimensions, see the book:

ity
vk Jje1Ae] B
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2. Personal Relations

INTEGER QUANTUM HALL EFFECT

(vKuTzivs '80)
DoRDA P& PPE R
TWO DIMENSIONA] ELEcTROV&AS |V
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HAS HALL compuctance ne/A To
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“Without experimental realization, it’s not physics but merely an intellectual
game.” D.J. Thouless

“Is theory of everything theory of anything?” P.W. Anderson

Betteridge‘s law or Hinchliffe’s rule

"Is Hinchliffe's rule true?”  liar paradox

Theory of Bivertihimg Real

or
symmetry and bregking, topologic i]order', gauge field, Anderson-
Higgs mechanism, ?%XG@#C?&QE 1R&ctional statistics (anyon),

Berry (geometric) phase and BAC effect, topological quantum
humber, ... emergence






