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1. An ideal non-interacting gas of /V atoms Is enclosed in | 2. Consider a solid surface consisting of a

a cylinder of radins o and length L. The cylinder rotates
with angular velocity w about its symmetry axis and the
gravity acts along the axis. The ideal gas is in thermal
equilibrium at temperature T in the referfence frame
rotating with the cylinder. Assume that the atoms have
mass m, have no internal degrees of freedom, and obey

classical statistics.

(a) What is the partition function of the system? (10 pts)
(b) Find the average particle number density as a function
of r and 2. (10 pts)

(¢} When w=0, compute the constant volume specific heat

C, of this system as a fanction of 7" What are the

values of C, for the limiting cases, 7—0 and T—>oco.

(10 pts)

two-dimensional lattice with Af adsorption sites, which is
in equilibrium with a mono-atomic ideal gas. Each lattice
site can be either empty or occupied with a single
adsorbed atom. An adsorbed atom has a binding energy
—A and its kinetic energy and other interactions between

the atoms can be neglected.

(a) Calculate the grand canonical partition function for the
lattice with adsorbed atoms as a function of temperature
T, lattice size M, and chemical potential p (related to the
of adsorbed (Note
partition function is

number atoms). that the grand

canonical given by

Z= 2 eﬁ"‘Ntr(e_‘BH”), where 8=1/kgzT ).
N=D

(b) Calculate the fraction of occupied adsorption sites
N,, f= N,/ M, as a function of T, M, and@

{c) The surface is exposed to an ideal gas of the atoms
at pressure p and at the same temperature T as the

surface. For a mono-atomic gas, the single particle

- Ce _ 13 :
partition function is given as (= VA ° where Ap is the

thermal wavelength, ie., Ap= /2rh’/mkyT. Show that

the grand partition function for the indistinguishable

particles (without considering the symmetry restriction of

the wavefunction) is
7 = exp( VA73e™s)
g T )

Also express the gas density n, =Ng/ V and the pressure

p in terms of Ay and p,. (8 pts)

(d) Assuming g, = p,, express the fraction f(= N,/M)
in terms of p, A, T, and other physical constants. (5 pts)
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1. A particle of mass m is placed in a one-dimensional
infinite potential well of width Z,

_ 0, 0<z<L
V(x)—{oo, r<0,2>L

with an additional perturbation
H(z)= —@i‘aﬁ(m— £)
2m 2/
where 0 <o <1 is a real positive constant with the
dimension of inverse length.

(a) Find the energy eigenvalues and corresponding
eigenfunctions for o =0, i.e, without the perturbation.
Label the states by integer n (take »=1 as the ground
state, »=2 as the first excited state, and so on.) (5 pts)
(b) Find the energy shift due to H,(z) for all the energy
eigenvalues to the first order in the perturbation theory.
(10 pts)

(c) Evaluate the energy shift to the second order in o for
all the energy eigenvalues. (15 pts)

(d) Suppose that 4, (xz) denotes the exact eigenstate

corresponding  fo the state "n" of (a). For o« =0,
dif, ()
v has a discontinuity at z= iE— Find the
dz 2
expression for discontinuity
P2
" dx w=§+0 dx x=§~—0

Sketch the wavefunction v, _;{z) and %, _,(z). (10 pts)

2. A spinless particle of charge g and mass m is moving
in a two-dimensional xy-plane in the presence of a
uniform magnetic field B= Bz. Introducing a vector
potential A such that B= ¥ XA, we can write down the

Lﬁz where I1= (p—qA) with the

Hamiltonian as H =
2m

vector potential A= %B;X r=-(By/2)z+ (Bz/2)y.

(a) By considering the classical equation of motion and
the Bohr-Sommerfeld quantization rule, Le,

‘Sgp- dx = h(n+1/2), find the radius Iz and the
angular frequency wpg of the smallest cyclotron orbit. (10
pts)

(b} Consider the quantum mechanical operators I, and
II,. Show that the operators II, and I, satisfy the

commutator relation [Hx,ﬂy]=i72, where -y is some
constant. Expess -y in terms of #, g, m, and B, and find
the relation between + and 5. (10 pts)

(c) Solve the eigenvalue equation: Hn) =g,ln), and
obtain the eigenvalues, (Note that the relation
[11,,1I,]= i7" is analogous to [X, P] = i) (10 pts)

(d) Obtain the average radius of the n-th eigenstate |n),
ie, r={({nl{X?+ Y2)In>)1/2. (Hint: In the classical
motion, the radius » of a cyclotron orbit is related to
r=vy/w and = m't_)’.) (10 pts)

3. A molecule is made up of three identical atoms at the
comers of an equilateral triangle as shown in the figure
below. We want to consider its ion which is made by
adding one electron to this configuration. Let [i> denote
the localized state of the electron at the ith atom site.
The matrix elements of the Hamiltonian for the system

are GlHj>=—a (for isj) and ilHii>= F,
(4,7=1,2,3).
Ok
A ,/ \
1, \\
r kY
Fi Ay
’ ‘\
I’ A

(a) Calculate the energy levels for the system. {(10pts)

(b) Suppose that an electric field in the z direction is
applied, so that the potential energy for the electron at
the top is lowered by b with.|b|{|a|. Now calculate the
changed energy levels. (10 pts)

(¢) Find the normalized ground state in the presence of

the electric field. (10 pts)

(d) Suppose the electron is in the above ground state.
Suddenly the field is rotated by 120° and points toward
the site 2. Calculate the probability for the electron to
remain in the new ground state. (10 pts)
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1. Let us consider the case of a conducting spherical shell
(having zero net charge) of inner radius g and outer radius

b in the presence of a uniform electric field E—= Eyz.
Inside the conducting shell we have a point charge @,

located at the position (0, 0, d) = dz (here d<a) when the
spatial origin is taken at the center of the shell (The
configuration is shown in the figure below.)

E-E%

(a) Determine the electrostatic potential in the outside of

the conducting shell (i.e., in the region r>b). (10 pts)
(b) Find the induced surface charge density on the outer
surface of the conductor, (10 pis)

(c) Obtain also the electrostatic potential in the inside of

the conducting sheli (i.e., in the region r<a). (10 pts)
(d) Determine the force that the charge @ experiences. (10

pts)

2. Two concentric spheres of radii a and b (a< &),
consisting of perfect metal, are maintained at a constant
voltage difference of Vj. The space between the spheres

are filled with a material with dielectric constant ¢,
magnetic permeability ,, and resistivity o0

(a) Find the resistance R and the total current iy flowing
between the spheres in terms of p, a, b, and V. (Hint:

R is proportional to the length and inversely proportional to
the area of the material) (10 pts)

Now assume that the potential difference V suddenly drops
to zero after t=0, ie, V{t)= V0(—1t).

(b) Obtain the amount of charge ), on the inner sphere at
t=0 and find the charge Q(z). (10 pts)

(c) Calculate the electric field E(r,t} for a<r<b. And
show that no poiarization charge exists, ie., YV P=0
between the spheres. (10 pts)

(d) Prove that, despite the current flow, no magnetic field B
is generated for £ >0 in the region between the spheres.

(10 pts)

3. Consider a linearly polarized electromagnetic plane wave
which is incident on a non-magnetic metal with an electric
conductivity ¢, dielectric constant e, and magnetic
permeability u, as depicted in the following figure,

(a) From the Maxwell equations, show that the electric field
inside the metal satisfies the following wave equation. (10
pts)

,0°E,

Bz_

2
9°E, , o F,

2 a2 € 6t

Here, ¢ = speed of light, ¢,
Maxwell equationsare given as

= permittivity of vacuum, and|

-_— —_— —_— 3B

. = > A=
Ve D=p VX E= ot
Vs B=0 V><H~J+%Jt2

(b) Show that we can write the solution to the wave
equation in (a) in the form of

E, = Eyexpliw(t— %)J

with a complex index of refraction », where w is the
angular frequency of the electromagnetic wave. Write down
the corresponding magnetic field inside the metal, (10 pts)
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(¢} If we write the complex index of refraction as
n=mn,—ik (n, and k are real quantities) we can
parameterized n, and k as
1
nf=%( a2+ﬁ2+a) k2=E(\/a2+ﬁ2—a)
Find the expressions for « and § in terms of ¢, ¢, o, and

w. (10 pts)

(d) Show that the electric field decays exponentially when it
propagates in the metal., From this exponential decay, the
skin depth is defined as the penetration depth at which the
intensity of the light decreases to l/e of its original value.
What is the skin depth of the metal for low frequencies
w <€ aleg? (10 pts)
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1. A moon of mass m orbits with angular velocity w
around a planet of mass M. Assume a circular orbit and
m < M. The rotation of the moon can be neglected, but
the planet rotates about its axis with angular velocity 2.
The axis of rotation of the planet is perpendicular to the
plane of the orbit. The moment of the inertia of the planet
about its axis is 7

L

»

og

\
m

() Find the distance from the moon to the center of the
planet, D, in terms of w. (5 pts)

(b) Find the expressions for the total angular momentum L

and the total energy I of the system. (10 pts)

(c) Generally the two angular velocities w and {2 are
unequal. Suppose there is a mechanism such as tidal friction
which can reduce EF if w =2, but conserves angular
momentum. By examining the behavior of £ as a function
of w, show that there is a range of initial conditions such
stable

that eventually w=¢2 and a final

obtains. (10 pts)

configuration

(d) Show that the moon drifts away from the planet when
£2>» w, Can the moon completely escape from the planet?
(5 pts}

2. Consider a particle of mass m which is constrained to
move in a plane. It is subject to a force (directed exactly
at the origin O)

E K

F(]”) = - T—2+F

, (>0)

where » is the distance from O.

(a) What is the Lagrangian for the system in terms of the
polar coordinates », @ and their velocities? (7 pts)

(b} Write down the equation of motion for » and g, and
show that the orbital angular momentum [ is a constant

of motion. (7 pts)

{c) Assuming that B4+ mk' > 0, find the equation for the
orbit , i.e., # as a function of g explicitly. (12 pts)

(d) For relatively small, but nonzero, k', what is the most
characteristic feature of the orbit (consider a bounded orbit)

compared to that with a strictly vanishing value for &'? (4
pts)




