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1. [50 pts] Consider monoenergetic beam of spin
1/2 particles of mass m and energy £ moving in x
direction. The potential energy operator is given
by,

Nz)

=188, for x > 0
Nz)=0 for x<0

where J;>0 is a positive constant potential, v is
gyromagnetic ratio, £>0 is magnitude of external
magnetic field applied in z direction, and S, is z
direction spin angular momentum operator.

(a) [7 pts] Write the Hamiltonian for the particles
in the x > 0 region and sketch the potential
energy as a function of x for particles having z
direction spins up and down.

(b) [7 pts] Suppose that spin of particles coming
from —oo eigenstate of x direction spin
angular momentum operator &, with eigenvalue +
fi/2 and have energy Z£> V;>0. Write down the

general eigenstate of such an
considering orbital and spinor part.

are

incoming beam

(¢c) [10 pts] Write down the general solution of
transmitted and reflected beams (£> Ij >0).

(d) [10 pts] What are the boundary conditions at
x = 0 ? Using the boundary conditions, write
down the equations that must be satisfied by the
amplitudes appearing in part (b) and (c).

(e) [8 pts] If £= J; >0, what is the probability
of measuring z direction spin angular momentum -+
h/2 for the transmitted beam ?

(f) [8 pts] Instead of incoming beam with x
direction spin polarization, if we start with
unpolarized incoming beam (but still £= T; >0),
what is the probability of measuring z direction
spin angular momentum +#/2 for the transmitted
beam ?

2. [50 pts] Consider a two—level system. An

operator A representing the observable A4 has
normalized  eigenstates 7701 and 770_1 with
eigenvalues +1 and -1, respectively. Another

operator /5 for the observable /Z has eigenstates

(h;+ V39%_1)/ V2 and (V39 —1p_1)/ V2

with eigenvalues +1 and —1.

~

(a) [12 pts] Calculate [A,H . Express it as a
2 X 2 matrix in the basis {1y _1}.

~

(b) [12 pts] Suppose that a system is in the
state (wl—i—w_l)/ﬂ. Calculate the variances

(AA)? =< A®>—< 4>? and: (AR Do

they satisfy the uncertainty relation?

(¢c) [12 pts] Suppose the observable A4 is
measured at some time. Immediately after this, the

expectation value of /& is measured to be 1/2.
What was the measured value of A4?

(d) [14 pts]

Y= a, +bp
lal,|bl <1 , find all the values of a that minimize
(AA)Z. Explain why those values do so.

For some normalized state

with @ and b real and




the following questions.

[Hint: The first law of thermodynamics is
dU= TdS— PdV, where the
7 is the temperature, S

U is average
is the

entropy, P is the pressure, and V is the

energy,

volume./

(@) Show that the entropy § and the

pressure P can be obtained from the

Helmholtz free energy 4 by the relationships,

0 A 0 A

S:_(_ﬁ)v (5pts) and P:_(W)T (5pts).

(b) The Helmholtz free energy of the
’/T2V(kBT)4

hoton gas is given by A4=- in
P 9 9 y 457%c°

three dimensions. Find the entropy § (5pts)
and the pressure P (5pts) of the photon gas,
using the relationship you obtained in (a).

(c) Find the heat
volume, ¢, (15pts).

capacity at constant

(d)
photon gas

Show that in the adiabatic process the
exhibits the
relation of PV7'= (constant), and find the value
of v (15pts).

pressure-volume

—_ —
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1. (50pts) Consider non-interacting photon 2. (50pts) Consider —an  one-dimensional
gas in a three-dimensional container. Answer [harmonic oscillator potential V(z)=mw’z?/2 in

which
trapped. Suppose the fermions do not interact

N identical fermions of mass m are

and their spins are polarized to the same
values. The system is at thermal equilibrium
of temperature 7.
(@) At 7=0, the system is in its ground state.
What is the energy of the highest occupied
state of a particle (5pts)? What is the total
energy £, of the ground state (5pts)?
(b) The excited states of the system have
energies E, = E;+mhw, Where m are integers.
For each m, there are 2(m) number of states
having energy E,. Count Q(m) for m=1,2,
and 4 (5pts each).
©
2(m) can be approximated to

e V2m/3
m)zm.
With this approximation, compute the entropy

For large m>1, the number of states

02(

of system S(#) as a function of energy E.
(5pts) Also,
E— Eg is proportional to 7? and obtain the

show that the ground state,
proportionality factor (5pts).

(d) By using the result of (c) above, obtain
the entropy as a function of 7 (5pts), and
|dentify
that the energy increase from the ground

compute the heat capacity ¢, (5pts).

state, £— E,, is proportional to 7?, and obtain
the proportionality factor (5pts).
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1. [40 pts] A uniform electric field E{)i exists in

a dielectric having permittivity €,. With its axis

perpendicular to this field, a sufficiently long
cylindrical dielectric rod (extended along the

z—direction) having permittivity €, and radius «

is introduced.

Using a cylindrical coordinate (0,6,z), we will

look for solutions of Laplace equation inside

(¢,(0,0)) and outside (4,(0,8)) of the rod with the

following boundary conditions.

(i) ¢,=¢, at p=a
9, 0
(ii) Eaa——€b ab at p=a

(iii) ¢,—— Fx=—Fpcosf for p>a

(a) [10 pts] Justify the boundary conditions (ii)
and (iii).

(b) [20 pts] The general forms of the potential
outside and inside the rod satisfying the

boundary conditions are

=— K pcosf+ Z o *(C,coskd+ D,sinkl)
=1
¢, = Y _ 0 (4,coskd+ B,sinkb)
k=1

Determine the potential and the electric field at
points outside and inside the rod, neglecting the
end effects (Set ¢=0 on y—z plane).

(c) [10 pts] Sketch the electric field lines inside
and outside the rod when €, >¢,.

2. [60 pts] Consider two nonconducting media
(6=0) described by the
permittivity €, and permeability # for the medium
A

refractive index =,

1 (ny, €, 1) and medium 2 (n,, €, ).

plane wave in medium 1 is incident on medium 2

at an angle 6, The incident, reflected, and
transmitted electric  fields are given by
E—%l z(k-x a)t)’ E ﬁ;)e r-x ,t) and
E=FE. (ks 5= “)  respectively.
3 ¥
Ny, €1, My -0, -
k; ¥ A k,
n,, €, "\
2, €2, U2 et“
¥
Et

(a) [20 pts] For the given incident angle 6;, find
the reflected angle 6, and the transmitted angle
0,.
(b) [20 pts] Find the condition that the incident

wave is totally reflected.

(c) [20 pts] Find the condition that the incident
wave is totally transmitted. Consider two cases
that the electric field 1) parallel and 2)

the of incidence,

1s

perpendicular  to plane

respectively.
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1. [30 pts] Two pendula are connected by a
Each
pendula is made up of a massless rod of length b

massless spring of force constant k.
and a mass m attached to the rod. The two
pendula swing in the same plane vertical to the
ground in the uniform gravitational field g. The

spring is unstretched in the equilibrium position.

¥
g9

(a) [10 pts] Determine the Lagrangian of the
system using the generalized coordinates 6; and

0, shown in the figure.

(b) [10 pts] Find Lagrange’'s equations of motion
of the
6, =6, =0 assuming small oscillations (6;, 6, < 1).

system about the equilibrium points

find the
eigenfrequencies and describe the normal mode

(c) [10 pts] Using your answer in (b),

motion. You will need to write the two angular
displacements as functions of time, i.e., 6,(t) and

0,(t).

2. [70 pts] In this problem, two different objects
start from rest at the top of a fixed hemisphere
of radius R, with a negligible initial speed.

First,
sliding down

consider a sizeless particle of mass m
the frictionless surface of the

hemisphere. See Figure (i) below.

0

(a) [10 pts] To consider the possibility of the
particle leaving the hemisphere’'s surface, we use
the polar coordinates (r, ) for its position, where
r is the distance between the particle's center and
point O. Determine the Lagrangian of the particle.

(b) [10 pts] With the constraint
f (r,)=r— R=0, find two Lagrange's equations
oL_daL  of
og; dt dq; 0g;

equation,

with a multiplier X\ (i.e.,

where ¢; is each of the generalized coordinates).

(c) [10 pts] Applying the constraint r=R to your
answer in (b), express X as a function of . (Hint:

29
R(

energy conservation or by direct integration.)

you will need to prove 9° =L (1—cosh) from

(d) [5 pts] By identifying the physical meaning of
X\ (“constraint force”), find cosé. where 6, is the

angle at which the particle leaves the surface.

[Problem 2 continues in the next page.|
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Now, consider a uniform, solid sphere of mass m
and radius a that begins to roll without slipping
from the top of the hemisphere. See Figure (ii).

(i)

@} 4=

(e) [10 pts] Again, r is the distance between the
sphere’s center and point O, while ¢ is the
rotational angle of the sphere with respect to the
vertical. Determine the Lagrangian of the sphere.

The rotational inertia of the sphere is I =%Tr A

(f) [10 pts] With the two constraint equations for
the described motion, f,(r,60,¢)=r— (R+a)=0 and
fo(r,0,0)=alp—6) — RI=0, find three Lagrange’s

equations with multipliers ) and X, (e,

(g) [10 pts] Applying the constraints »=R+a and
a(¢p—0)=RH to your answer in (f), express A as a

function of 6. Note that )\ corresponds to the

first constraint equation, f; (r,8,¢)=r— (R+a)=0.

(h) [5 pts] By identifying the physical meaning of
)\ (“constraint force”), find cos6, where 6, is the

angle at which the sphere leaves the surface.




