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1. [40pt] Consider a two-state Hamiltonian
H=wn - .S with the direction 7 defined in the figure

and .S being the spin operator.
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[a] [10pt] Show that the state |x > = 'y is an
singe“Z

energy eigenstate. What is its energy eigenvalue?

[b] [10pt] Derive the above eigenstate using rotations of
a spin-1/2 system. [Hint: Rotate the spin-up state.]

[c] [5pt] Suppose ;L: 2 The initial state at £ =0 is
ay

al0) >=

a(0) >=(2"

time £ > 0.

with @, being real. Find la (t) > at

[d] [5pt] For |a (l‘ ) > calculate the expectation value
of the spin measurement along the z-axis. Calculate
using both Schrodinger and Heisenberg pictures.

[e] [10pt] Calculate the expectation values of the spin

measurements along £ and ¥-axes too, in the
Heisenberg picture.

2. [40pt] Consider a particle with charge ¢ and mass
m, confined to move in a circle of radius 0, on the

0 — ¢ plane. [Cylindrical coordinate 7= (0,%,2).]

[a] [6pt] Write down the one-dimensional Hamiltonian
along the circle, and solve it for the energy

eigenfunction ¥ (7’) and the eigenvalue EZ) Derive
quantization conditions, if any. [No magnetic field yet.]

[b] [4pt] Now an external magnetic field 5= Bg is
turned on along the z-axis within the cylindrical
region of radius o, (with 0, < 0). In the presence of
electromagentic fields, path integral dictates an extra
phase to the wavefunction ¥ (7’)

—

A.
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For A= V/l(?’) with some scalar function A(O) =0
at the reference point 0, express this phase in terms

of A7).

[Ignore scalar potentials.]

[c] [7pt] Write down the Hamiltonian. Show that the
phase-supplied wavefunction still satisfies the
Schrodinger equation.

[d] [8pt] The gauge is chosen in the following form

Aqﬁ,out gg
0

0A;.,¢ for p=op
with constant Ad,,m and A¢1 en- First, why does this

A=

form make sense? Second, find A4 in terms of 5,

b,en
and match A¢’0Mt to A¢,en' Third, find A(7) at
Vg 1 (o T)
0z b o dp

—

0> 0, [Use: VX V= — 2]

[e] [10pt] For a close-loop along the circle, what
condition must the phase satisfy? What does this mean
to the magentic flux through the loop?

[f] [5pt] The phenomenon considered in this problem is
known to be purely quantum mechanical. What aspects
cannot be described by classical mechanics? Then, how
can they be described by quantum mechanics?

[Discuss qualitatively.]
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1. [50 pts] The V+ 1 containers M, M;, ...,
M, are filled with water. The temperature of
M,, is given by 7}, with 7,/ 7,_,=a>1 for
n=1, 2, ..., /V. In the initial state, Object A
with constant heat capacity C'is in thermal
equilibrium with M. We first move A to M,;
and wait until they reach thermal equilibrium.
Then, in a similar manner, we move A from
one container to the next in the order of M;,

M,, ..., M Throughout this “forward” process,

there is no heat exchange between the system
(A and the containers) and the surroundings.
Besides, the amount of water in each container
is so large that its temperature effectively
remains constant.

(a) [15 pts] Calculate the entropy change of the
system between the initial and the final states of
the forward process described above.

(b) [15 pts] Now suppose that we perform the
above process backward, moving A from M,

through My _ 4, ..., M; to M. What is the

entropy change of the system through this
“backward” process?

(c) [10 pts] Consider a composite process which
consists of the forward process followed by the
backward process. What is the sign of the total
entropy change over this composite process? Is
the composite process reversible?

(d) [10 pts] Now let us take the limit V— oo,

while keeping 7, and 7}, constant. How does

this modify the total entropy change discussed
in (¢)? Is the composite process reversible?

2. [50 pts] Planck assumed that, at a given
frequency v, the electromagnetic waves within a
cavity absorb and emit energy only by discrete
energy quanta, each having energy &= hv.
Thereby he derived the spectral density of
black-body radiation, which we reproduce here.

(a) [10 pts] Find the total number {2 of the ways
of distributing A7 indistinguishable energy
quanta among /V distinguishable modes.

(Hint: Putting five stars into four bins can be
visualized as inserting two bars in between a
series of five stars, e.g., *||***x| meaning 1, 0,
4, and 0 stars in the four bins.)

(b) [10 pts] Assume that the numbers A7 and /V
are large enough. Denoting by u =& A// N the
mean energy of each mode, show that the
entropy per mode is given by
s:kB[(l + 211 +3) = 21n—“—].
e e £ e
(Hint: You may use Stirling’s approximation

In M= NIn N— Nfor V>1)

In

(c) [10 pts] Express u as a function of the
temperature 7" and the energy quantum e.

(d) [10 pts] If the cavity has a cubic shape with
the side length given by Z, the allowed
frequencies of the electromagnetic waves are
given by
R
Tz

where n,, n

2 2 2
v ng +n, +n,,

" and n, are positive integers.
Using this relation, show that the number of
modes in the frequency interval [1/, V—i-du] can

be expressed as 871'[/31/2d1//c3.

(e) [10 pts] Using the above results, show that
the mean energy density of the black-body
radiation in the frequency interval [l/, I/—l—dl/] is
given by

_ 8rhi 1
v 3

U
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1. [50 pts] The main idea of method of images is
to add fictitious charges so that together with
the actual charges they satisfy the boundary
condition of the original problem. Consider a
point charge g at (0,0,d) outside a grounded
conducting sphere of radius A at the center

(d> R).

z

q¢(0,0,d)

(a) [10 pts]
charge q’ at a distance d’ from the center. Find

Suppose we add a single image

¢ and its location.

(b) [10 pts] Find the potential at an arbitrary
position outside of the sphere.

(c) [10 pts] Draw the electric field schematically.
Assume ¢ > 0.

(d) [10 pts] Find the surface charge density of
the sphere at an arbitrary point.

(e) [10 pts] What is the total induced charge on
the surface of the sphere?

2. [50 pts] We want to study physics of an
electron confined in a two-dimensional plane in
magnetic field.

(a) [10 pts] Consider a circular ring of radius 2,
carrying a current / counterclockwise. The ring
lies on xy-plane and is centered at (0,0,0). Draw
qualitatively the magnetic field lines in the (x,0,z)
plane and (x,y,0) plane.

(b) [10 pts] By integrating the Biot-Savart's law,
find the z-component of the magnetic field in
the symmetric axis.

(¢) [10 pts] Consider next a solenoid of radius
£, infinite height, and AV turns per meter along
z-direction, «carrying a current / Draw
qualitatively the magnetic field lines. Calculate
the magnetic field & around the solenoid.

(d) [5 pts] Draw qualitatively the magnetic field
lines for a real solenoid with a finite height.

(e) [15 pts] Consider an electron moving in the
xy-plane at z=0. The infinite solenoid is centered
at (0,0,0). The motion of the electron is confined

1
by a mechanical potential V(x,y):§ff(x2 +?/2)-

What is the equation of motion of the electron?
Discuss trajectory of the electron for the
following three initial conditions:

(i)

(ii) Xy— (7’0 <A, 0)»

z,=(r, > & 0), 1,=(0,0)

0,=(0,0)

(a, b) (¢)
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